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Introduction

Genesis of the idea – teaching multivariable calculus, motivating
linear algebra study

Constrained min/max for quadratic functions, tied to classifying
unconstrained critical points
Know that gradient fields (linear) come from symmetric matrices
Built a basic Mathematica demonstration for displaying linear
gradient fields in 2-D with sliders
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Relevance for teaching

Many students find this topic difficult / don’t see need for
eigenvalues, eigenvectors

As an applied analyst, like to emphasize the role of symmetric
matrices / operators

Teach ODEs where we use eigenvectors, eigenvalues in linear
systems

Working on multivariable calculus book and want to understand
how students view different visualizations
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Student desired outcomes

One question was whether students would discover the notion of
eigenvector (meaning field points radially) from the variety of
pictures

Second question: which gradient fields correspond to local min or
local max (first derivative test)?

Third question: what are the level sets given the gradient fields
(qualitatively)? – done in groups in class (some nonlinear)

Fourth question: do gradient fields have circulation?
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Issues in design

visual cues – radial field? circle? restricted field?

how many sliders are too many?

rescaling of vector fields – good or bad?

use of frames vs. static pictures
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Go to Mathematica hopefully

Here is where we go to Mathematica if laptop hookup is working!!
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Some visualizations
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Proving existence via qualitative methods

For linear vector fields, have in general two lines that divide
positive and negative components (think of velocity field)

Symmetric part has special property of how these relate to usual
four quadrants

Must have overlap in first quadrant between radial field and vector
field either in “quadrant” I or III (positive or negative eigenvalue
respectively)

Same in second quadrant of radial field – distinct from having
quadrant I for radial tied to quadrant II for vector field!
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Other related visualizations

General linear vector field – compare to symmetric case

Morphing from general to symmetric part

Morphing from general to skew part

Splitting general vector field as sum of symmetric and skew parts
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Other related visualizations – cont.

3-D case

How to view field and its curl simultaneously or sequentially

Same splitting and morphing questions also

Zooming to see linear part dominating (need to subtract constant!)

Usual gradient flow lines from odes
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Concluding remarks

Students are a bit timid about conjecturing / theorizing

Happy to work on examples – conjectured first derivative test and
a corresponding level set test

Balancing act between leading questions and open exploration

Plan on using more advanced undergraduates to build and
evaluate some of these environments

Visual aspects are quite compelling and easy to generate
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