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Math 316 — Exam 1 — Spring 2008 — Professor Sachs
Name: ng b , Boo X.

Answer each question on this paper. Read them carefully and answer clearly.
Exam ends at 5:45pm. The GMU Honor Code is in effect. The exam is worth

100 points.

1. (10 points) Define pointwise convergence of a sequence of functions f, on a set A
and also uniform convergence. Explain the difference between the two definitions.
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2. (15 points) Prove that the limit of a uniformly convergent sequence of continuous
functions is continuous.
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3. (10 points) Consider the sequence of functions f(z) = nj;ﬁﬁ Find the pointwise
limit for each  and show the convergence is not uniform on the interval [-1, 1].
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4. (15 points) Describe the Weierstrass M-test for proving uniform convergence of a sum

of functions Y - ; fk(z). Then apply it to show that the series Y oreg ﬂ%;’f-fl is uniformly
convergent for 0 <z < 27
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5. (10 points) Find the Taylor series for the functions sinz and cosz in powers of z — 7
and verify that the derivative series for sin is cos.
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6. (15 points) Define the limit of a sequence in a metric space. Then show that (a)
a sequence can have at most one limit and (b) every convergent sequence is a Cauchy
sequence.
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7. (10 points) Describe the difference between a norm and a metric — is one a special
case of the other? What features are particular to the more specialized setting?
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8. (15 points) Show that the space of continuous functions on a closed bounded interval
[, b] forms a normed linear space under the proposed norm:
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Then relate convergence in this norm for a sequence of functions to one of our notions of
convergence for sequences of function, explaining your reasoning.
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