MATH 214,
Spring, 2011
Exam 3

Section 001

Name Solutions

Student ID number

The following information might be helpful for some of the problems

below.

o 3 —7r? + 162 — 10 = (x — 1)(z* — 62 + 10)

o (r—a)' =2 —423a + 62%a® — 4za® + a*

Some Laplace Transforms
f(®) L(f(£))(s)
1. 1 %
2. t SiQ
3. et L
4. sin(at) FoR
5. cos(at) o
6. cost + % —1 m
T L)) —$0) = 0) = f00(0)




1. Find the general solution of the ODE % — 72%’ + 16% — 10y = 0.

The characteristic polynomial is p(r) = r*—7r’+16r—10 = (r—
1)(r?—6r+10). From the quadratic formula, we get that the
roots of r> —6r + 10 are r = 3+ i. Therefore, the roots of
p(r) are 1 and 3+i, so the general solution of the ODE is y =
Che® 4+ Cye®* cosx + Cse® sinw.

Answer:
y = C1e® + C2e3* cos x + Cse3® sinx

2. Find the general solution of the ODE Ly 192 454 dZ‘Z

dx? dx3 %_108%+81y =
0.

The characteristic polynomial is p(r) = r*—12r3+54r2 —108r +
81 = (r —3)!. Therefore, r =3 is a root of multiplicity 4,
so the general solution of the ODE is y = (C; + Chx + Csz? +
Cy3)ed®.

Answer:
y = (C1 + Cyx + Cs2? + Cyx3)e®

3. The general solution of the homogeneous ODE %—6%+11§—g—6y =0
is y = Cie® + 0262”33—1— 0363:. Find the general solution of the non-
homogeneous ODE ZTZ — 6372 + 11% — 6y = 24x.

We look for a particular solution of the form y = Azr + B.
Then
y =4,

and
y// _ y(S) =0.

Substituting in the non-homogeneous ODE gives
0—6(0)+ 11A — 6(Az + B) = 24z,

or
—6Az + (11A — 6B) = 24z.



Comparing coefficients gives —6A =24 and 11A—6B =0. Therefore,
A= —4 and B = _722 Therefore, a particular solution is
y = —4ax — 2, so the general solution is y = Cie” + Che®® +

O3 — 4o — %

Answer:
Yy = Cle” + Cgezx + Cge?w — 4 — %

. The general solution of the homogeneous ODE %—6%—#11%—63; =0
is y = C1e® + (09e*® + (C3e3*. Find the general solution of the non-
d3 a2 d

homogeneous ODE 7% — 6-4 + 1152 — 6y = e”.

Since y = e® is a solution of the homogeneous equation, we
look for a particular solution of the form y = Axe®. Then
Yy = Ae® + Aze®, y' = 2Ae* + Aze®, and y® = 3A4e* + Aze®.
Substituting into the equation gives

(3Ae® + Axe”) — 6(2Ae” + Axe”) + 11(Ae” + Axe®) — 6Axe” = €”,

or
2Ae" = e”.

Therefore, 2A=1, so A= % This gives the particular solution

Yy = % , So the general solution is y = C)e® + 0he*® + (33 +

ze”

5 -

Answer: .
0161 + 0262m + 03631 -+ %

. Find the Laplace transform £(t?) of the function f(t) = 2.

By definition, L(t*)(s) = [, t?¢ *'dt. We first use integration
by parts to rewrite [t’e *'dt. We let

—st
u=1t> v=-,
S

du = 2tdt dv =e %,




we get [tZe idt = e the “dt. Therefore, L(t%)(s )= [ tPetdt =
i (22 ) B = (2) [ bt = (B)E(0) = (2)(E) =
2

S
53"

[An alternative argument is this: Let f(¢) =
sC(f(t))(s) — f(0), that is, L(2t)(s) = sL(t*)(s)
L(2t)(s) = 2L(t)(s) =2(%) = % and f(0) =0, 3
L(*)(s) =31

0). Since

2. (Then L(f'{))(s) =
= sL(t*)(s), so

Answer:

L{t)(s) = 5

. Suppose that f(¢) is a function such that %{ = 7f(t), f30) =0
17(0) =0, f'(0) =0, and f(0) =9. Find L(f(t))(s).

/7(0)=f(0). From
))(s) = 'L/ (1))(s) 05"
O)(e), 50 L) )
(1)(s) = 95°, s0 L(f(1))(s) =

LFO)(s) = s"LIf())(s)—5"F(0)— 2f’( )=
t

the initial conditions, we get L(f@¥

(
Since fW(t) =T7f(t), LIfD(1))(s) =TL(f
s§£31(f(t))(s)—9s3. Therefore, (s*—7)L(f

s4—17"

Answer:

LIf(8)(s) = 55

. Suppose that h(t) is a function such that L£(h(t))(s) = %. Solve the

( pu—
initial value problem % +x = h(t), z(0) =2, 2/(0) = 1.

Taking Laplace transforms of both sides of the differential
equation gives ﬁ(dtQ)( s) + L(x(t))(s) = L(h(t)(s). £(‘f;7§)(5) =
s2L(z(t))(s)—sx(0)—2'(0) = L(x(t))(s)—2s—1. Therefore, s*L(z(t))(s)—
2s — 1+ L(z(t))(s) = L(h(t))(s) = &. Solving for L(z(t))(s)

gives

1

L +2s41 1 s 1

L(z(t))(s) = £ = 2 '
(z())(s) 2+ 1 s3(s2 4 1) + (32+1)+82+1




From the table, we get

t2 2
x(t) zcost+§ —1+2cost +sint = 3cost+sint + 5 L.

Answer: )
x(t) =3cost+sint+5 —1




