Math 321 Spring 2016 Solutions to HW #5

(1) (8.20) Find a subgroup of Zj5 @ Z1g that is isomorphic to Zg @ Zy4.

Proof: The quickest way is to note that Zg ® Z4 is cyclic of order 36, since 9 and 4 are
relatively prime. Note that 3 as an element of Z15 has order 4 and that 2 as an element of Z1g
has order 9. Thus (2, 3) as an element of Zjo @ Z1g has order 4 - 9 = 36. Hence the subgroup
H :=((3,2)) is cyclic of order 36. Hence H = Zg @ Z4.

(Note: I will not require a great deal of proof for this problem.)

(2) (8.26) The group S3 @ Z3 is isomorphic to one of the following groups: Zi2, Zs & Za, A4, Ds.
Determine which one.

Proof: We do this by a process of elimination. Clearly G = S3 ® Zs is not isomorphic to
either Z19 or Zg @ Zs, since G is nonabelian, while the latter two groups are abelian (being
the direct product of abelian groups.)

Next, note that (123) € S3 has order 3, while Z; has an element of order 2. Thus ((123),1) €
G has order lem(3,2) = 6. We show that A4 C Sy has no element of order 6. By looking at
products of disjoint cycles, we see that Sy can have elements of order 1, 2, 3, or 4 (and this
last is by taking a 4-cycle, which is not in A4 in any case). Thus A4 cannot have an element
of order 6. Therefore, GG is not isomorphic to A4. So by elimination, G is isomorphic to Dg.
(Note that we have not actually proven that the two groups are isomorphic, we are just taking
the books word for it.)

(3) (9.14) What is the order of the element 14 + (8) in the factor group Zaa/(8)?

Proof: We use brute force. We check to see what is the smallest multiple of 14 that lies
in H = (8). Then

14¢ H,sol4+ H # H.

20144+ H)=284 H=4+H # H.

3144+ H)=424+H=184+H+#H

4(14) + H =56 + H = 8+ H = H. Thus the order of 14+ H in Zg4/(8) is 4.

(4) (9.24) The group G = Z4 ® Z12/{(2,2)) is isomorphic to one of Zis, Z4 ® Zo or Lo ® Lo ® Lo.
Which one is it?

Proof: Note that Z4®Z12 is abelian, so any subgroup is normal. Also note that |Z4®Z2| =
48 and ((2,2)) ={(2,2),(0,4), (2,6), (0,8), (2,10), (0,0)}. Thus the factor group G has order
8. We first claim that G has no element of order 8. One way to see this is by brute force,
namely check the order of each of the 8 elements of the factor group. A quicker way is to note
that the order of an element in the factor group must divide the order of the element it comes
from in the original group Z4 @ Z12. In particular it would mean that Z4 ® Z12 must have an
element of order divisible by 8. However, the elements of this group have order equal to the
LCM of divisors of 4 and divisors of 12. None of these numbers are divisible by 8. Hence the
claim is proved and so G cannot be isomorphic to Zg.

We next claim that the coset (1,0) + ((2,2)) in G has order at least 4. To see this, note
that 2(1,0) = (2,0) € ((2,2)). Hence the order of (1,0) + ((2,2)) is at least 4 (since it cannot
have order 3 by Lagrange). Thus by elimination, G is isomorphic to Z4 @ Zs.



