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3, "Br:th p anr) q arc TnriE.'Urus (ir; is r,.rrss. ltcm (i.rJ
is llre tteq;rlit,rr *l lIre stirt.erlerrl (,7t'o -t11. rvlrir,li is't'Ht F. rin(.c;r is r r-ir r,t. Ilnrle. t,he stalerncnl in {ll) it
l,ALsL.. Sincc trolir 1.r arr,l g ar,.' .tRr.L. l, r,7 is t.rirse,
lir;rniil;zl iil). *e cunsi,ler. lhal (p,. q) is t.ttrc all,.l

.11 ].1.t^r.tu,so l{,urr. ,t)r- -q: in r.rr r:. lr,s rregaliorr is
Fl4 t.Sl:1.

?k.ii f rnpfiicmti*n
\\''e are quitc farltiliar' .,vith irrrlrlic:ations. Fol exanrplc, "If J.iy is r:tluglit srlokilg irrthe |estrootn, he is susl-icritlecl froru school" is au irrylicatioir. Note tlat, althougS
Jiw tntrv avoid being caugltt snroking iri tlre restroorri. he still miglrt be suspelcled fbr
sclnre otltcr infractiol. Svrnbolictrlly, we c:a"n represerrt the statenrerrt ,,Jay is ciruglit
srnoking ilr tlie restrootr]" b1'p, lvliile 1ire lopreserrt ,'.Ia1, is susperrclecl frotn school,,
by q' Thc irrrPlicatittn is represerite<l by tlre t:onditiortrt] corrnective - drrd we u,,ritep - (l' The trutlt table for thtt statetnent fbrrri usirrg tlic corrditit-rnal is as follows:

q p-q
TT
FF
TT
FT

Tlt'e utLtLitionol stirt.rrr.rit fir'' p -- q h^s truth 'trlue r.,+t,st-: oull, li,ire. 1.r has truth
valur) TttUFl aircl q hirs t|rrth r.irlrre I.'AI_Str.

Irr tlre prt'cetlirrg ctrsc, il p is TiruR, tlrel ,,Jtr1. is c:aright surokilg irr tlie rest1o61r,,
is "I'RLIrj, r,','hile if q is titlsli, tlierr "Jay, is not suspenrlecl" is TIiuE. The inrl;lic:atiorrp + q ts FALSLI in this case.

\\b call p tlte lt'ypothesls aiitl q lht; co'nr:lLLsioru. Note tiiat if the hy1;6tlicsis is
F)\t,sE, tlie' tlxr ir'pli<rati.rr p - q is TRUtr. The,'e are se'cral l'trys to reacl p - qiri English:

l. p iniplies q.

2. It p. thcn q.

iJ. p onlr.' if 11.

4. q. if p.

5. p is sufficierrt ftrr q.

ti. q is a necessary colclitiou fol p.

p

T
T
t
F
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Note that p + q lreans that p is sufficient for 17, so if you have a true p, then you
get a true q. on the other hand, q + p means that p is necessary for q, so if you
want a true q. then I'ou nrust have a true p.

ffi,rx*,mriu I

Sclution (a)

fl'.:itv lrF lri*rrrts* 43

l-lypothesis and esnclusion In each of the following statements, determine the
hypothesis and the conclusion.
(a) Bill goes to the party only if Greta goes to the party.
(b) Sue goes to tire party if Craig goes to the party.
(c) For 6 to be even, it is sufficient that its square, 36, be even.

lc/

The statement is in the form of p only if q. Thus the hypothesis is "Biil goes to
the party" and the conclusion is "Greta goes to the party." we could rewrite
the statement as "If Bill goes to the party, then Greta goes to the party." The
statement "If Bill goes to the party, then Greta goes to the party" seems to
mean that Greta is following Bill arourid, whereas the statement "Bill goes to
the party only if Greta goes to the party" makes the rornance seem quite the
opposite. However, this last statement should be interpreted as follows: If "Bill
goes to the party" is true, then that means Greta must also have gone-for
that was the onlv reason lie would go. The unernotional interpretation of the
logical form shows the equivalence of the two statements.
The statenient is of the form q, if p.It has hypothesis "craig goes to the party"
and conclusion "Sue goes to the party."
This is of the form p is sufficient for q, with the liypothesis p of the form "The
square of the integer 6 is even" and the conclusion g of the form "The integer
6 is even."

( L,)

ffi

HXAnqPtH ? Truth value cf an implicatian Determine whether each of the following statements
is true or false.
(a) If Paris is in France, then the Louvre is in paris.
(b) If the Louvre is in Paris, then 2 t 3 : 7.
(r:) If 2 t 3 : 7, then the Louvre is in Paris.
(d) if 2 -l 3 : 7, then Paris is in Spain.
(e) Paris is in Spain only if 2 + J : 7.

Solution The statement (a) is TRUE because bottr the hypothesis ancl the conclusion are TRUE.
The statement (b) is FALSE because the hypothesis is TRUE but the conclusion is
FALSE. The last three statements are TRUE because the hypothesis in each is FALStr.
Note that the last statement has hypothesis "Paris is in Spain" and conclusion
.(O Q - 7'rL-O-t.

i\ji\l;v {[j: #r.;;e jf * "il w

FX,&MFLH.,S,,,: Using a truth table for an inrplieation Construct the truth table of the statemerrt
"If the president dies or becomes incapacitated, then the vice president becomes
president."

Soluticn \Ve let p be the statement "The president dies"; we let q be the staternerit "Tlie

L
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plesiclent l.recoures in<rtrpacittrted." \\'e let
becornes presiclerrt." The staternent forrn
stateruent form is as follolvs:

r be the statenient
is (pV Q) - r. A

Qtv 11) - r
TT
TF
TT
TF
TT
TF
FT
FT
(4) (5)

"Tlrt: vice lrlesiclent
tlutl table for the

pqt
TTT
TTF
TFT
TFF
FTT
FTF
FFT
FFF
(1) (2) (3)

Tlie statenrent is F.\t,Sg only in the ctrses where the president dies or becornes
inctrpacitated but the vice president does not become prcsiderrt.

ffi

It is impclrtarrt to note that 'p + (l is not tlie sarre iLS q - p. \Ve slioulcl
rrot confuse the liypothesis and tlie coriclusion in an implication. An exanrple will
derrrorrstrate the differeuce between p + q and q - p. Consider the irnplication
"If the truck carries ice creant, then it is refrigerated." If the implication is in the
forrn p - q, then (l - p is the implication "If the truck is refrigerated, then it
carries lce crearr." Tliese irnplications rieed not havc the sarne truth vtrlues. Ther
first irriplication is probably true; the second neecl uclt be. Tire truth ttibles of p - q
and q - p sliow ther differences.

p (t p 'q q -p
TT T T
TFFT
FTTF
FFTT

Tire irriplication q + p is callecl tbe con'uerse of the statenierrt p + q. Tllrs,
given the statenient "If the Los Angeles Dodgers rvon the perinant, some garnes of
the \Vorld Series are in California," its converse is "If some garlres of the \\/orld
Series are in California, then the Los Angeles Dodgers rvon the perrrtartt." While
the original statement is true, the converse is not. There ale situations in which
the hypothesis of the converse is true, but the conclusiorr is false. Sorne garnes
of the World Series may be in California because tlie San Francisco Giants, ttre
Oaklarid Athletics, tlie San Diego Padres, or the Anerheirrr Arigels, rather tliari the
Los Angeles Dodgers, won the pennant.

W ilXAMPLH 4 The c*n.lunctiE:n sf e statement and its (onverse Construct the truth tal-rle for
tlie corijunctiorr of p + q ancl its converse. That is, firid the truth table of the
statement f<irnr (p -- q) n (q - p).
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Solution

llri r"""t li lt *.t t: rt.i.it: .X..3

p q @-rt)
TTT
TFF
FTT
FFT
(1) (2) (3)

T
n

F
T
(5)

(q-p)
T
T
F
T
(.1)

\4re note that the statement form has truth value TRUtr whenever p and q Save the
same truth value: either both rRun or both IRLSE.

ffi
The statenrent form (p - q) A (q - p) is referred to as the bicond,itional, which

we write as p <+ q. The staternent p e q is read as ,,p, if and only if q" or ,,p is
necessary and sufficient for q." Tlie truth table for the biconditional is as follows:

pq
TT
TF
FT
FF

p+q
T
F
F
T

The biconditio'al is a statement form sirnply because it can be expressed as(p -'q) A (q -- p). In some sense, which we will cliscuss further in the next section,the biconditional expresses a ki.d of equivalence of p ancl q. That is, the bicondi_tional staternent form is TRUE whenever p and q are both t*,r" o. both par,sr. Thebicoriditional is par,sB whenever p and, q ha'e clifferent truth values.
Using connectives' we have seen how to string together several siniple state-rnents into compound and fairly complex staterpent forms. Such forrns should 

^otbe confusing: what is the rneaning of -p V q? Do we mean -(pv q) or clo we rnean(-p)v q? To clarify matters and to avoicl the use of too many parentheses, we definean order of precedence for the connectives. This dictates which of the connectivesshould be applied first.

I fn*";rra*, of Oru.J*uce for logicat *o,rn*.ilr*, i* ' j

one applies - Iirst, then A, and so orr. If there is trny doubt, insert parelheses tociarifv the statement forrn. usi'g tiie order of p.".".lu',.", we see that -p v q is(-p) v q.

V,,\j

\

rX,qfu?sL[5;'srdercfprecedcnceCotrrparethetruthtut,t",ffi
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-(p v q)
n m

FT
rI
IT
(6) (5)

19

Soluti*n p

T
T
F
F

(1)

vq
T
F.,

T
T
(4)

s ep)
TF
FF
TT
FT
(2) (3)

Note thtit coluruns 4 arrd 6 are dillclent

$:.;lr.lt'; i.rrlr .l .l

w_-
ffiW f X&$b'IFLE 5 Order of preecden{e Insert parentheses in the statenient to sliow the proper orcler

for the application of the connectives.
pAqV?'+-sn?'

S*lution Reading frorri the ieft, we apply the - first, so -s A r" becomcs (-r) n r'. We t]rerr
scan for the connective A, since that is next in the precedence list. So p A q V r
becomes (p nri Vr'. We apply the * last, and the statement can be rvritten

[(pnq)Vr] -l(-s)nrl.
i. i,rrii.';r.. ?.i ffi

Parentlieses have highest priority in the precedence. Clearly,
p A (c1Y (r - -s)) n r

has the sanre syrnbols as tlie statement of Exarnple 6, but the parentheses have
defined a different staternent fornr.

That tlie staternerrt form p Y 11 Y r may be writteri eitlier as (7,V q) V r or as
pV(SVr) is shown in another section. The staternent forrn pAqAr- can be written
as (pAq) Ar or as pA (qAr), as is shown later.

lrmplicat*oms emd Computer La*rgumges The logical corrrrective * is used
in writing computer programs, although in sorne programrning languages it is
expressed with the rvords IF-, THEN. Thus r'"'e miglrt see an instrur:tiori of the form
"tl' o : 3 rrrtN LET s : 0." Strictly speaking, this is not a staternent form, because
"LET s : 0" is not a statement. However, that cornnrand mearrs "the computer will
set s : 0." Thus, if the value of a is 3, the conrputer sets s to 0. It o. I 3, the
program just corrtinues. The instruction

"lF' ... TIIEN ... ELSI'"

allows for tr brarrch in the prograrn. For exaurple,

"lF' (r : 3 THEN LET s : 0 gt,so LtrT s :.1"
assigns value 0 to s if o : 3 and assigns vtrlue 1 to s if a + 3.

EXAMPLE ?

w

Implieatir:n and cornputing For the given input values of
l)I'ograrrl to deterrnine the value of C. Ttie asterisk (x) denotes

rn (AxB) + 6 > 10

THENLtrTC:A*B
ELSELtrTC:10

A tirid B, use the
multiplication.
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Solution

ltl t2 1,11 i 1"y {: ;r.,t:t r;: i s i: li !

ffi"d;ffi,gr,ffiffi#ffis#

ffixmrtc;Tsg:s t*.*

t 

_,:'- 
p, "A squarc is a rccr.anglc,'

:,,,.,,,,, 1 .. . J:, :::::J:i:,':l;ffi J',,1".i;, n, ",",,,"
Hj;;;:li : ::,:ili:",;':";tii;i,*1i,.*' *",
,o, 

*;i::"ngle 
ha-. four sidcs if a sqrrarc is a recr-

(c) A rectangle has fcrrrr sitles only il'a sclrare is a

,", i,t,ffi,:;J*:i[;s s.{ricierr, ru srroq rrrar

(e) Fr,r a ret.t.arrgl(j Iu lriir.e fortr sic]es, il is nec:c,ssa.ry
tor a sqirarre fo bc u. rr.,ct.tuiglc.

2, Lct p cL'rrotcr t.he st.irlcrncrrt .'Tlrcrc iut l,S stat(.ij in
the lrnitrrd Statcs,'' lct q dcnotc {.hr: statc.mcnt ,'I.hc

,\rrreric*n fiu.g L" rcd, rvhilc. antl blue,,' arrd lct r.bc ihc st.alclllcltt ,'Ilainc is on the East C]uast,'.

t**i'J""n'l; ;,,:_;'lrre 
f','wing

f-.) ap;\ q * r' (.1) p.^,

t 
:;.:J[i.:;sritrrr 

Lo assign a virluc to fi in cacli of thc

i,,i:lurH:,

(a) A: -2,8:,7 (b) A:-2,B:3 (.) A:2,R:2
(a) We determinethat (AxB) * 6:I4f 6:20. He'ce, we set C:14.
(b) In this case, (A x B) t 6 : 0. So we set C : 10.
(,,) (A*B) f 6 : 10. Hence, C :,1.

ffi
Itnplication and csrnnton Lmnguage The rnathematical uses of the condi-tional and the biconditional are very precise. However, colloquial speech is rarely
as precise' For example, consider the statement "Peter gets dlssert only if lie eatshis broccoli." Technically, this nleans that if Peter gets ciessert, he eats his broc-coli' However, Peter and his parents probably interpret the statement to mean thatPeter gets tlessert if and only if he eats his brocc<ii. This irnprecision ip lang'age
is_sometirnes confusing; we make every effort to avoicl confusion in mathematics byadheri.g to strict rules for using the co'ditional ancl biconditionar.
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Construct a truth tabte for each oJ the statemertt forms irtErercises 1 15.
11. -(pvq)-(-pnr) 12. p-(pOq)
13.(pvq)e(pnq) M. l(-pAq)Dql-p
15. h?^ (q v")l * [(pnq) v (pnr)]
For each of the Erercises 16-1g, insert parentheses in
accordance wzth the precedence of Logi,cal c.tperatzons.

I. p+-q
3. (po q) - q

5.(-pAq)-,
t 7. (p -q)- (-pvs)

9. (p-Q)-r

2. pv (q * -")
a.(paQ)-r
o. -(p - q)

8.pe(q-r)
10. p- (q-r)

16. pAq+pV*q
18. pV-qAr'+pVr

17. -,pA-en-pAq
19. -p n -Q V 7'+ -t1 A7



?O. P'q
,') n 

- 
Nrr--. y 1

24" P*q
26. (Pv q) - q

28. [pn (-q - -p)] .t s

-p+(l
q-p
(p,1, q) - 'p

(r,n -q) - (-p + q)
p-lpn(pd,q)l

Let p bt: ttt" 't'hUA sfuitdrrLettt ''Abrulrurrt Lincctlrt u,as the
sirteetrlh presitlettt oJ the Urited States" and let t1 be the
FALSE stuternent '"['he battLe of Gett'gsburg took pluce at
the O.K. (lo'rral." Determzne the tru.th ualue ol each of thr:
statement form.s irr Eretcises ,0 29.
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(i:) lf I calry a rabbit's foot, orrl teanr r,vins a game.

(d) lvy is gleerr is sufficient fol it to be healthy.
zl5. State the converse of each of the follorving statenrents.

(a) City Sanitation collects the galbage if the mayor
calls.

(b) 'l'lre price of beans goes tlown only if there is no
cL'ought.

(c) If goldfish srvirn irr L:rke l)r'ie, Lake Elie is fresh
water.

(d) If tap rvatcl is not salted, then it boils slorvly.
46. State the convelse of each of the follorving staternents.

(n) If Jane luns 20 rniles, Jane is tiled.
(b) Clindy loves Ficd only if Fled loves Oind.y.

(r:) Jorr cashes a check if the barrk is opett.

(d) trrrors are clear only if the documentation is corn-
plete.

(e) Sally's eating the vegetables is a necessalv condi-
tion for Sally's getting dessert.

(f ) Sally's eating the vegetables is suflicient for Sally's
getting desselt.

i47r) Detelmine the output value of A in thc program It' the given ir4rut values of X arrrl Y.

LE't'Z:X+Y
rb' (Z + 0) axo (X > 0)

'I HEN LE'l' A - 6

ELSFI LE I' A : 4

(") X-0,Y:0 (b) x :8, Y: -8
(") X:-3,Y:3 (d) X:-3,Y:B
(") X:8,Y:-3 (f) X:3,Y:-8

4ti. Fbr the given input values of A and B, use the pfoglam
lo lind the out,put values of X.

LE'r.C:A+B
rF ((A > 0) on (13 > 0)) eno (C > 0)

'I'HENl,E'l'X:100
EI-SI,LFl'l X: 100

(a)A:2,R:2 (b)A:2,ts:'2
(.) A:2,B--5 (d).A:-2,B:-5
(") A:-5,B-3 (f) A:-5,ts:8

49. For the input values of A and B, usc the ploglarn to
deterrnine the value of Y.

LE'r'C:A*B
rF ((C > l0) e.xo (A < 0)) oR (B < 0)

'I'HENLEIY:7
ELSE LE'I'Y - 0

21.
23.

'25t
27.
29.

In Ere'rcises 30-3'/, wrzte the sto,tetnt:nt forms in syrnbr.tLs
using the u,rrditional (+) or Lhe bir:ortditional (*) co'nnec-
tiue. Nante the h'ypolhes'is und the concL'us'ion irr, eaclt cort-
diti.ortal fortn. Let p be the statemenl "SaLLy studied" and q
be the statement "Sally passes."

30. If Sally studiec'l, then Sally' passcs.

31. Sally studied if and onlv if Sally passes.

\ q2. If Sally passes, then Sally studied
33. Sally passes orrly if Saily strrdied.
3.1. 'l'hat Sally studied is suflicient for Silly't,o l)ass.
,3S.) Satly's studying is necessary fol Sally f,6 rr45s. 1

36. Sally passes implies that Sally strrdieC.
li7. If Sally did not study, then Sally does not pass.

In Ererczses 38 12, Let p de'note lhe 'tnuc staternent "'l'he
dr,e is fai,r" and let q be the 't'rr\Jb) statenlertt "'l'he proba-
biLitg of a 2 is [." Write each of the staternent forms in
symboLs, natne the lrypothesis and the conclusion in each,
and determine uthether tlrc statement is iRun or FALSE.

If the die is fair, the plobability of a 2 is |.
If the die is not fair, the probability of a 2 is not ].
'l'he plobability of a 2 is f only if the die is fair'.
'I'he die is not fair if the prob.rbility of a 2 is not j.
'-t'he die is fair implies that the probability of a 2 is f .

Give the hypothesis and the corrclusion in each state-
mellt.
(a) Healr.hy lreople live a long lifc.- -t" '
(b) I'he train stops at the station only if a passenger'

iequests it.
(c) Fbr the azalea plant to gror'"', it is necessaly that

it be exposed to sunlight.
(d) Only if Jane goes to the stole, I will go to the

4'1. State the hypothesis and conclusion in each statement
form.
(a) Copa Beach is crowdecl if the weather is hot and

sunrry.
(b) Oul tearn wins a garne only if I carry a rabbit's

fbot.
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(") A: -2,R: 6 (b) A: -1, B: 6

(.) A:-2,8:6 (d) A:6,B:-l
(e) A:4, B:3 (f) A:3, B: I
For the given input values of X and Y, use the program
to determine the output value of Z.

rrYl0
l'rlENLEt'Z:XlY
ELSELETZ: _1,000,000

(a) X:6, Y:2 (b) X: 10, Y:5
(.) X:5, Y: l0 (d) X:0, Y: 10

(e) X: 10, Y:0 (f) X: -1,000,000, y: I
For the given input values of A and B, use the program
to determine the value of C.

rF ((A < 0) e.No (B < 0)) oR (B > 6)
'I.HENLETC:(A*B)f4
ELSE Ltr'r.C : 0

(a) A: -1, B: -2 (b) A: -2, B:8
(c) A:-2,8:3 (d)A:3,8: 2

(e) A:3, B:8 (f) A:3,B:-3
For the given input values for A and B, use the program
to determine the output value of C.

rF ((A > 5) on (ts > 5)) eNo (B < t0)
'I'HENLE'r'C:A-B
ELSELETC:-30

A:7,8 :7 (b) A : 7, ts :3
A:7,8:12 (d) A:4,8:7
A:4,B:3 (f) A:4,8:12

For the given input values of A and B, find the vahre
of X in the program.

LEl'C-A-B
rF(C<0)on(B<0)

'I'HENT,ETD:5*C
ELSELE.tD-0

r,B'rX:D+3
(") A:0, B:0 (b) A:6, B:3
(c) A:-5,8:3 (d)A:3,B:5
(e) A:5,B- 3 (f) A: b,B:-3
We let S be the weekly salary for a consultant who
works I{ hours at a rate of R dollars per hour. We take
a deduction of 47a on salaries up to $1000 per week and
decluct the rnaximum of $.10 from salaries above $1000.
Use the following program to find tlie pay p for each of
the consultatrts given the rate and the number of hours
worked in a week.

LE'l'S:RxH
rp S < 1000

THENLE'rD:.04*S
ELSELE't'D:40

Lo'l'P:S-D
R: 10, H:40 (b) R:20, H:40
R:25.il:20 (d) R:25,tt:40
R: 30, II :40 (f) R: 35, H : 40

54.
51.

52.

(a)
(c)
(*)

(a)
(.,)
(e,

L
L

ffiffi ff;*ffi;t##:g*ffiffiffiffi*+e
1, (a) llris is uf thc fnrrrr t7 ._ p *'ith lrl.pouhcsis t1 ancl corr-

clusion p. Statcnrr.,nt (b) is of thc form t, , q, r.r.hcre p
is the liyprtrhesi.c and q is r,he r(tnclusir)n. Stat.ement (c)
is of llre frrrrrt ry * yr, sinr.e it sl ates tlrar, ..lf a recta.rrgle
Iras fcrur sir}s. thcrr a squ.lrc is a rr.,1.1i111g1s.', Notc tlrat
''onl;' if" signals the clausc that is chc conclusion. In

;l'#ili#r{?,#,+"##*#"ffi #m#rHffii#[+$#tffi ffi #$fltfi tf #fi #H

(t), q is tire hvpothcsis an<l p Lr thc torrlusiorr. Startc-
mcnt {d) is of thc form p , g rvith h;.pothcsis p and
ceinchrsiun ty. St.alemene {e) Is ilrr. r:(tnverse of (d) ancl
is of Llre ft.rrrrr 11 * p rvit.h lrvpotlresis g arrd currt.lusiorr
p-


