
Properties of the Haar series.

1. Localization.

(a) Suppose that a function f(x) vanishes out-
side a small subinterval (a, b) of [0,1). Then
the Haar coefficient 〈f, hj,k〉 will be zero if Ij,k

does not intersect (a, b). Hence if (a, b) is small,
most of the Haar coefficients of f(x) will van-
ish.

(b) Specifically, fix j ≥ 0. Then 〈f, hj,k〉 = 0 if

2−j(k + 1) ≤ a or 2−jk ≥ b

which is the same as

k ≤ 2ja− 1 or k ≥ 2jb.

Therefore, if 〈f, hj,k〉 6= 0, then

2ja− 1 < k < 2jb.

Let Nj be the number of integers k satisfying
the above. Then

2j(b− a) ≤ Nj < 2j(b− a) + 2.
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(c) There are 2j Haar coefficients at scale j.

The proportion of possibly nonzero Haar coef-

ficients satisfies

(b− a) ≤ Nj

2j
< (b− a) + 2−j+1

so that

lim
j→∞

Nj

2j
= (b− a).

We conclude that the fraction of possibly nonzero

Haar coefficients for a function vanishing out-

side an interval is approximately proportional

to the length of that interval.
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Behavior near jumps.

(a) f(x) = 1[0,11/16)(x). Note first that 〈f, p0,0〉 =

11/16 and 〈f, hj,k〉 = 0 whenever Ij,k ⊆ [0,11/16)

or Ij,k ⊆ [11/16,1). This is true for every j ≥ 4

and all k.
〈f, h0,0〉 = 5 · 2−4 = 5/16

〈f, h1,1〉 = 3 · 2−7/2 = (6/16)2−1/2

〈f, h2,2〉 = 2−3 = (4/16)2−1

〈f, h3,5〉 = 2−5/2 = (8/16)2−3/2.

(b) Let f(x) = 1[0,2/3)(x). 〈f, hj,k〉 6= 0 if and

only if 2/3 ∈ Ij,k. At each scale j there is

exactly one nonzero Haar coefficient.
(j, k) |〈f, hj,k〉| 2j/2 |〈f, hj,k〉|
(0,0) .33333 .33333
(1,1) .23570 .33333
(2,2) .16667 .33333
(3,5) .11785 .33333
(4,10) .083333 .33333
(5,21) .058926 .33333
(6,42) .041667 .33333
(7,85) .029463 .33333
(8,170) .020833 .33333
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(c) Let’s examine more closely this behavior

near jumps. Suppose that f(x) is defined on

[0,1] with a jump at x0 ∈ (0,1), and that f ′
and f ′′ are continuous on [0, x0] and [x0,1].

Fix, j and k and let xj,k = 2−j(k +1/2) be the

midpoint of Ij,k.

Case1: x0 /∈ Ij,k. By Taylor’s formula,

f(x) = f(xj,k) + f ′(xj,k)(x− xj,k)

+
1

2
f ′′(ξj,k)(x− xj,k)

2,

for some ξj,k ∈ Ij,k.

〈f, hj,k〉 =
∫

Ij,k

f(x)hj,k(x) dx

= f(xj,k)
∫

Ij,k

hj,k(x) dx

+f ′(xj,k)
∫

Ij,k

hj,k(x)(x− xj,k) dx

+
1

2

∫

Ij,k

hj,k(x) (x− xj,k)
2 f ′′(ξj,k) dx

= −1

4
f ′(xj,k)2

−3j/2 + rj,k.
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Estimating the remainder,

|rj,k| =
1

2
|
∫

Ij,k

hj,k(x) (x− xj,k)
2 f ′′(ξj,k) dx|

≤ 1

2
2j/2 max

x∈Ij,k

|f ′′(x)|
∫

Ij,k

(x− xj,k)
2 dx

=
1

24
max
x∈Ij,k

|f ′′(x)|2−5j/2.

Hence for large j,

|〈f, hj,k〉| ≈
1

4
|f ′(xj,k)|2−3j/2.

Case 2: x0 ∈ Ij,k. Assume that x0 ∈ I`
j,k. By

Taylor’s formula

f(x) = f(x0−) + f ′(ξ−)(x− x0), x ∈ [0, x0)

f(x) = f(x0+) + f ′(ξ+)(x− x0), x ∈ (x0,1]

some ξ− ∈ [x, x0] and ξ+ ∈ [x0, x].
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〈f, hj,k〉
=

∫

Ij,k

f(x)hj,k(x) dx

= 2j/2
∫ x0

2−jk
f(x0−) dx

+2j/2
∫ 2−j(k+1/2)

x0

f(x0+) dx

−2j/2
∫ 2−j(k+1)

2−j(k+1/2)
f(x0+) dx + εj,k

= 2j/2 (x0 − 2−jk) (f(x0−)− f(x0+)) + εj,k,

where

εj,k =
∫ x0

2−jk
f ′(ξ−)(x− x0)hj,k(x) dx

+
∫ 2−j(k+1)

x0

f ′(ξ+)(x− x0)hj,k(x) dx.

Estimating the remainder,

|εj,k| ≤ max
t∈Ij,k\{x0}

|f ′(t)|
∫

Ij,k

|x− x0| |hj,k(x)| dx

≤ max
t∈Ij,k\{x0}

|f ′(t)|2j/2
∫

Ij,k

|x− x0| dx

≤ 1

4
max

t∈Ij,k\{x0}
|f ′(t)|2−3j/2.
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Hence for large j,

|〈f, hj,k〉| ≈ 2j/2 |x0 − 2−jk| |f(x0−)− f(x0+)|.
Generically, x0 will be fairly close to xj,k so that

|x0 − 2−jk| ≈ (1/4)2−j. Thus, for large j,

|〈f, hj,k〉| ≈
1

4
|f(x0−)− f(x0+)|2−j/2.

(d) The Haar coefficients of a continuous func-

tion will be O(2−3j/2) for large j. See Exam-

ple 5.25(d) and Section 5.4.3 in the book.
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