
€ *",ttl | - F€\, It
Ccr,Ato-21- wit[ t"a- Secf,rnS (.I - l,6,, Ctta| L ,

-f etl o Do.ttrnhw rs $0d [,*$

t,
: tT{
=f tx)

a6 t\^r o( r${*u"tp 1^hv[
@ (n t l*rolu,noous nq I o {

c[r."t^go o-f { wf{{,,^u"sF*rJ

trK. "

@ s [v/La "'{ fq, g*^* [rr,nr k
ynql ( 0fr) 'o* x



2.3. Product and Quotient Rules; Higher-order
Derivatives

The Product Rule
lf f (x) and g(x) are differentiabte al x, then so is their product
and

d
6*lf 

(x)g(x)l

or equivalently

Example
Differentiate f(x):(2

4+ At'
fr - ft((ax-rY

= (tr t) *"
= (an- s) (.. r

= -7v+f+
= -Ltx+ 7

-rv)ftwal + g(x)fivrrn

(fg)' - fg' + gf, ('txo w iv 
#[+-:) = /++ * #t

x - 5X1 - x).
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The Product Rule

Example
Differentiate f (x) - (*3 - 2x2 + 5X ,[x + 2x).

{'(x) = (xF -zr*s)#(rt +z;)+(ra+2g #8}-:rr+d
= (rj-a*+$ (i X /'*;r) * (xVrr2x) (rxr-lfx)
F , /r/n ''/ 1' ''/ -/, .''= ixu'^+zi, -;a-\*-if (.+r{n#,^

: lxto+ 8x3 - s)d L- W+ ]gv' + ro4z

,1, .,/ I
^1F''^%r3ff



The Quotient Rule

It f (x) and g(x) are differentiable functions, then so is the
quotient A(x) _ rU)lgg) and

:::: :: , 
"i.::'

d Ir(x) ]
dx LetrtJ

or equivalently
gf' - fg'

92

Example

Differentiatr 1 + x2')Y:r-F

# = 
(r^tr)#Cr*x')-(t+*)/ (t-x')

dr

drl
_ s(x)l;V(x)t - f(x) lloUn

r1\
\g/

= 2,x-24{+Lf'' t?-F ,-
C t-F'). ^

(t-28)'
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-
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The Quotient Rule

Example

Find all pgrqts on the graph of /(x) _
tangent line is horizontal.

x2 + x _-1
where thex2-x+1

fttA= (i.t-F+ D-
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Product rule and Quotient Rule

Example

s(x)-82+x+1)G-x).2x-1

bl(x) = fl&(*v+il f4ro'J - 6&+ xt D (4-x) (z)

zn-D[(xz+r+ )(-t) + (4-x) kx+ D] -ft2*r*r) &t{ f;
(zr-l)z

,r/ /

(r_ax
(zt-()'-

= (zr--L(^art + ar +s I - t:zp + \b+B
(+o-r)z
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The Second Derivative

The second derivative of a function is the derivative of its
derivative. lf y - f(x), the second derivative is denoted by

)rL vl

= 
-Y1,lFt

The second derivative gives the rate of change of the rate of
change of the original function.

Example
Find the second derivative of f (x) - x10 - 4x6 - 27 x + 4.

f l{x) 
- tD nl -- a4 xo- al

$'t[^): ?ox8 -lzor?



The Second Derivative

Example

Find the second derivative of y - (*, - zn (x- i)
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2.4. The Chain Rule

+ (Jt^)) = | "3 0)
s a differentiable function of u and u - g(x) is in

Iurn aJ|tfferentiable function of x, then the composite function
f(g(try€ a differentiable function of x whose derivative is given

lfy-fu.t.

or, equivalently, by

!1,'- ? 
(t)

Y:{(o
\-\,^--/

U ={t? 00

dy
dx

dyg
d{ dx

dy
dx -99{sL#*



The Chain Rule

Example

compute the derivat iue land -simplify the answer ifox

y-u2-3u-t4, u-1-x2

I 3: (r-r4z -s(t-c)+'+

-(|-z,rt+Fq)-3+38+'{
n: xtt t+z

1v
T; JF'ftOr'

fu=u.fu_df' rlw dx

= (aut-:x--2^)

:(a(t-p)-3)t+,0

=(r+p-3) fLo)
= (29-r)r2")
=i*nz:o/ :""
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The Chain Rule

Example

Compute the derivative YI ifor 
l r:L

y-u2-2u+2; u:!
X



The Chain Rule

sometimes when dealing with a composite function y - f (g(x))
it may help to think of f as the "outer'i function and g as the
"inner" function. Then the chain rule says that the derivative of
y - f (g(x)) with respect to x is given by the derivative of the
outer function evaluated at the inner function times the
derivative of the inner function. 

4V =plfq/r\ ,1. \Example ,1e-" \ /trrt ) J'(A)
Differentiate the following function and simptify the answer.

h(x) -
\ntrt) = (xn-3f)v-

: !(xo-itY=@xral

/t(u) : t/\/z

(r3 [x) = F6-3rz

P !'(u) =iu [z

\ brl G,^=gr(x)

xG - 3x2
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The General power Rule

i For any rear number n 
lnd 

differentiabre function h,

d-\A

fitU*)ln\ nfh(x)ln-t !V|)l
..:----<1

Example
Differentiate the following function and simplify the answer.

f(.{.) _ (f _ 4t2 + 4)6

nl, \ n I t, - A 1ilr,, \

+ [+) - G (-gr -'t+2 +'ftt+: - E+)
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