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Abstract. Let T be a homogeneous tree of homogeneity g + 1. Let A denote the boundary of T,
consisting of all infinite geodesics b = [bg, by, by, ...] beginning at the root, 0. For each b € A,
T > 1, and a > 0 we define the approach region Q7 (b) to be the set of all vertices ¢ such that,
for some j, ¢ is a descendant of b; and the geodesic distance of ¢ to b is at most (v — 1)j +a. If
T > 1, we view these as tangential approach regions to b with degree of tangency 7. We consider
potentials G f on T for which the Riesz mass f satisfies the growth condition ) " f7(t)g~7 1l < o0,
where p > 1and 0 < ¥y < l,orp = 1land 0 < y < 1. Forl < v < 1/y, we show
that Gf (s) has limit zero as s approaches a boundary point b within Q¢ ,(b) except for a sub-
set E of A of ty-dimensional Hausdorff measure 0, where Hry (E) = sups.ginf{d_; gl
E a subset of the boundary points passing through ¢#; for some i, |¢;| > logq (1/8)}.
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1. Introduction

Let us consider the half space R, = {(x', x,) : x’ € R*! x, > 0}. Let G(x, y) be
the Green function corresponding to the Laplace operator and let i be a positive
Radon measure on R’ such that the Green potential G is not identically oo.
This is precisely the condition that u satisfies | UXW du(y) < oo. There are a
number of well known results that describe the behaviour of Gu(y) as y tends to
the boundary, viz. R"~!. For a generic potential on the unit disc in the complex
plane, the most classical result is the one due to Littlewood [11]. It was generalized
to higher dimensions as follows by Privalov [16].

THEOREM LP. The limit of Gu(x', x,)) equals zero as x, — 0 for Lebesgue
almost every x' € R" !,

By adding a growth condition, Carleson [3] improved the nature of the exceptional
set. More precisely,
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THEOREM C. Let further | verify the condition |, KNR™ vy du < oo for every

compact subset K of R", where 0 < y < 1. Then Gu(x',x,) — O asx, — 0
except for x' in a set E of (n — 2 + y)-dimensional Hausdorff measure zero.

For generalisations of these results see [7-9].

It is interesting to analyze the behaviour of potentials along more general ap-
proach sets such as nontangential and even tangential regions. One cannot expect
results of this type for generic potentials. There are, however, results known for
potentials represented by absolutely continuous measures whose Radon—-Nikodym
derivatives (relative to the Lebesgue measure) satisfy certain growth conditions. In
this direction we refer the reader to the articles by Arsove and Huber [1], Wu [19],
Mizuta [14, 15], and Berman and Cohn [2]. In this regard we recall the following
result of interest to us.

THEOREM WM ([19, 14, 15]). Let p > n/2,2p —n < y < 2p — 1. Let fur-
ther T be a real number satisfying 1 < v < n_"z;}ﬂ/. Forx' € R" ' and a > 0,
let T o(x") = {y € R : |x" — y|" < ay,} be the approach region at x" of
aperture a and tangency t. Let f > 0 be measurable such that Gf (the poten-
tial corresponding to f dx) is not identically co. Suppose f satisfies the growth

condition fKﬂR’j_ FP()yY dy < oo for all compact sets K of R". Then the limit of

Gf(y) as y tends to x' within T, ,(x') is zero except for a set of x' € R"™! of
t(n — 2p + y)-dimensional Hausdorff measure zero.

In this paper we shall prove results analogous to the above for the case of potentials
on a homogeneous tree T instead of R’,. Let the tree be homogeneous of degree
q + 1 and denote the root of the tree by 0. We denote by |¢| the length of the
geodesic from O to 7. Let G be the Green function on T x T ([4], p. 264). The
Martin boundary of T consists of the collection A of all infinite geodesics starting
at 0. If f is any nonnegative function on T, Gf (s) = ), .t G(s, 1) f (), if finite, is
the potential corresponding to f. We shall recall the details of the above concepts
in the next section. We shall as well introduce an approach region of ‘tangency t’
and ‘aperture a’ for each b € A, denoted by Q. ,(b). We shall discuss Hausdorff
measures of various dimensions with which we measure the exceptional sets. We
now state our main result.

THEOREM 1. Let T be a homogeneous tree of degree ¢ + 1. Let 0 < y < 1 for
p>1land0 <y < 1for p = 1. Let further 1 <t < 1/y. Let f be a nonnegative
function defined on T such that Gf is finite and ), ¢ fP(g 7" < oo. Then
the limit of Gf (s) as s tends to b € A with s in the approach region Q2 ,(b) of
‘tangency T’ and ‘aperture a’ is zero for all b € A except possibly for a set E C A
such that the ty -dimensional Hausdorff measure of E is 0.

We shall show in the last section that these results are sharp in that (i) the excep-
tional sets cannot be improved and (ii) the degree of tangency cannot be increased
beyond 1/y.
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2. Generalities on Trees and Hausdorff Measures

We define a tree T to be a graph that is infinite, locally finite, connected, and simply
connected. A basic reference for potential theory on trees is [4]. In this paper T
is assumed to be homogeneous of degree g + 1, that is each vertex has exactly
g + 1 nearest neighbours, where ¢ is a fixed integer > 2 and the edge transition
probabilities are all 1/(g + 1). We fix one vertex 0 which we call the roor of T.
For any two vertices s and ¢, a path joining s and ¢ is a finite sequence of vertices
[s0, 51, ...,5,] such that 5o = s, s, = ¢, and for each j from 0 to n — 1, s; is
adjacent to s;1. We refer to n as the length of this path. There is a unique path
joining s and ¢ of minimum length which we call the geodesic path from s to .
The length of the geodesic is denoted by d (s, ). We let |¢| denote d (0, #) and call
it the modulus of t.

We write that s < ¢ if s lies on the geodesic from O to f. We define I1(s) to be
the set of all vertices ¢ € T such that s < ¢. For any two vertices s and ¢, consider
all the vertices w such that w < s and w < 7. We let s A ¢ denote the unique one
of largest modulus.

Let A denote the set of all infinite geodesics beginning at the root. Thus b € A
if b = [by, by, .. .], where by = 0, and for every positive integer n, [by, by, ..., b,]
is a geodesic. We refer to by, by, ... as the vertices of b. If b = [by, by, ...] and
s € T, then we define b A s to be the vertex of b of largest modulus that is in the
geodesic from O to s. If b = [by, by, ...] and d = [dy, d;, ...] are in A, we define
b A d to be the the vertex of largest modulus that is common to b and d. We can
then define the distance from b to d to be g~"*"'if b £ d and 0 if b = d with a
similar definition for the distance between two vertices of T or between a vertex
and a point of A. With this distance, T U A becomes a metric space which is a
compactification of T.

Foreach s € T, define E(s) to be the set of all » € A such that bAs = s. Notice
this is a ball in A of radius ¢ %! and that every ball in A is E(s) for some s € T.
Notice also that any two such balls are either disjoint or one contains the other. For
eachb e A, {E( j)}‘;": , forms a base for the neighbourhoods of b. A sequence {s,}
of vertices converges to b € A if and only if |b A 5,,| — 00 as n — o0.

Let f be a real-valued function defined on the vertices of T. We let || f|lo =
sup,cr | f(O)]and || flli = Y_,cp | f()]. Let € be a subset of T having b as a limit
point. We write limgs,—, f(s) = L provided for every € > 0 there exists an
integer j such that for every s € IT1(b;) N 2, | f(s) — L| < €. If Q equals I1(b;)
for some j, we simply write lim_,;, f(s) = L. If € consists only of the vertices of
b, we say f has a radial limit at b.

DEFINITION 1. Letb € A, > 1 and a > 0. The region 2, ,(b) is given by

Qru(b) = {s €T:3j € Zsuchthatb As = b;,
andd(s,b;) < (t —1)j +a}.
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If a = 0, we simply write Q2,(b). If t = 1, we call the region the nontangential
approach region to b of aperture a. If T > 1, we call it the tangential approach
region to b of aperture a and tangency t.

The potential theory on the tree is determined by the kernel P : T x T — R,
P(s,t) =1/(g+1) if s and ¢ are adjacent, and 0 otherwise. Powers of P are defined
inductively by P"(s,t) =), .p P(s, u) - P""!(u, t). A real valued function f on
T is called harmonic if forall s € T, Pf(s) = Y,y P(s, 1) f(t) = f(s). For in-
teresting boundary behaviour results concerning harmonic functions, see [18]. The
Green function G (s, t) isdefined on T x T by G(s,t) = I(s,t) + Zjem Pi(s,t),
where I (s,t) = 1 if s = ¢ and 0 otherwise. For the homogeneous tree T, G (s, t)
is given by ~L;q =" The potentials for the potential theory on T are given by
Gf(s) = Y,y G(s,1) f(t), where f is a non-negative function on T for which
the above sum is not identically infinite. It can be shown that G f (s) is necessarily
finite for every s and this happens if and only if f satisfies the condition that
Sera ™M f @) < oo,

The technique developed by Martin [13] can be applied to deduce that A is the
Martin boundary for this harmonic space. Details are given in [4]. Let s,z € T
and let [so, 51, ..., s)s;] be the geodesic from O to s. It is easy to check that the
quotient G (s, t)/G(0, t) takes the constant value g*/71! on the set of all ¢ such
that r A s = s;. The Martin kernel is thus P(s,b) = g*P7s1=1s1 “and for every
positive harmonic function f on T there is a unique measure  y on A such that for
alls e T, f(s) = f P(s,b)dus(b). The measure pu; representing the harmonic
function f = 1 satisfies u;(E(t)) = q”?q"", ift #0, and p; (E(0)) = 1.

We now define the Hausdorff measures which we shall use to measure the
exceptional sets that arise in Theorem 1.

DEFINITION 2. Let E be a subset of A. Let 0 < 8 < 1. We define
Hyz(E) = su inf{ g Pl Ec| JE®), |t > 1o (1/5)}
P 8>Ig 12 LlJ gq

and

Cy(E) = inf{Zq_ﬁm Ecl E(ti)}.

We call Hg(E) the B-dimensional Hausdorff measure of E and Cg(E) the B-
dimensional content of E.

It is easy to see that Hg(E) = 0 if and only if Cg(E) = 0.

REMARK 1.  Hg is a measure constructed by “Method II”" as described in [17],
p. 27. It follows by Theorems 44, 47, and 48 in [17] that Hg is inner regular in the
sense that a Borel set has positive Hg measure if and only if there exists a compact
subset which has positive Hg measure.
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The following is adapted from a classical result of Frostman [6]. The proof can
easily be modeled on the proof of Frostman’s theorem given on page 223 of [10].
We leave it to the reader.

LEMMA 1. Let K be a compact subset of A having positive Hg measure for 0 <
B < 1. Then there exists a measure v with support in K such that 0 < v(K) < 00
and for everyt € T, v(E (1)) < q¢~PI"l.

In what follows, the letter ¢ will be used to represent a constant value which, though
possibly different with each occurrence, does not depend in an important way on
the parameters of interest.

3. Proof of Theorem 1 for the Case p = 1

Let & be a nonnegative function on the tree T. Let, for a vertex s, h*(s) =
2 renis) (D).

DEFINITION 3. Letb = [by, b1, by,...]bein A.Let 8 > 0and 2 > Oon T. We
define the maximal function

Mgh(b) = sup g h* (by).

We now prove the following result concerning the growth of the maximal function.

LEMMA 2. Leth > 0on T and A > 0. Then

Cs({b € A : Mgh(b) > A}) < ”};”1.

Proof. Let F), = {b € A : Mgh(b) > A}. By the definition of the maximal func-
tion, for each b € F, corresponds an integer i (b) such that h*(b;p)) > rg DB,
The collection {E (b;4))}ser, 1S a covering of F, by balls. We recall that any two
balls in the family are either disjoint or one is a subset of the other. By using the
Well Ordering property of the natural numbers, we can choose a subset F, C F;
such that {E(b;»)) } e F is a cover of F; and consists of pairwise disjoint balls. Note
that {E(bi4))}pe F pairwise disjoint is equivalent to {I1(b;))}pe F being pairwise
disjoint. Clearly F; is a countable set. Now, by the countable subadditivity of Cg,

Co(F) < Y g o
beF;

1 *
=2 Bie)

beF;

1
XZh(r)
teT
h
_ Dl -
A

N

N
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LEMMA 3. Let the support of f bein{t € T : |[t| < M} and let N > M. Then,
foralls € Twith|s| > N,

Gf(s) < —”f”oo

The lemma follows easily by checking the sum Gf(s) = ), .t G(s, 1) f(1). We
note that this result gives us the fact that for any function f with finite support as
above, Gf (s) tends to zero uniformly as s tends to » without any restriction on the
direction of approach.

Proof of the theorem. We recall p = 1 and 0 < y < 1. Let f be a function
on T. We want to show that Gf(s) — Oass — b with s € Q;,(b) except for a
set of H,, -measure zero. To prove the result, it is enough to show that for arbitrary
e>0andé >0

Colfpen: timsup Gfs) >8] <ce. (1)

Qra(b)3s—b

Accordingly let us fix an € > 0 and a § > 0. The hypothesis >, ¢ f(1)g 7" < 00
can be rewritten as ||i||; < oo, where h(t) = f(t)g~ "V, By virtue of Lemma 3, the
lim sup in (1) is unchanged if the values of f on a finite set of vertices are changed
to 0, and so without loss of generality we may assume |||l < €5. Now, let us fix
a b belonging to the set described on the left side of (1) and an s € 2, ,(b). Let
[0, ..., S|s|—ps|] DE the geodesic from b A s to s. In order to compute Gf (s), we
divide the tree T into four disjoint pieces T, T, T3, and T, defined as:

|bAs|—1 n

T, = |J 1@y, T, = | JT(s;). forn=|s|—|bAs|—1,
Jj=0 j=

T3 = Tl(s) and T4:H(b/\S)—(T2UT3),

where IT1(b;) = I1(b;) — I1(b11) and I1(s;) = I1(s;) — [1(s;41). Now

Gf(s) = Z G, f(1) = Z Y G, nf ).

Jj=11€T;

We shall estimate each sum on the right separately. In each of the estimates we will
use the expression
g G(s,1) —(1—

_ el
G(O )f(t)G(O 1= 16007 PR (). 2

G(s,0)f(t) =

‘We have

lbAs|—1

G(S,t) —(1=p)t| _ 2j—Is| ,—(1=p)|t|
zeznc(o,oq 0= 2 2 o

=0 teli®;))
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[bAs|—1
< DD A T g
=0 tei®))
[bAs|—1
< Y g
j=0
[bAs|—1
< g "My hb) Y g/
j=0
< CMryh(b)q_|5/\b|q|b/\s|(1+y_y.[)’
hence
ZG(S, 1) f(t) < cMc, h(b). )
teT

Next we have

q < 2(lbAslH+j)—ls| ,—(1=p)lt]
E G(s, 1) f(t E E h(t
(s, ) f() q—1 o q q @)
-1,

€T, €T1(s;)
<eY g2 HD=Isl g =(1=P) WA b (1)
j=1tell(s;)
< g slgHnibas Z Z g7 n(r)
j=1tell(s))
< cq IR (b A 5)q NSl g (A7) sl=lbas))
= ch*(b A s)qg""
< Ch*(b /\S)q(r\b/\s\-ﬁ—a)y
and so
D G, f(t) < cMych(b). “)
teTy

For the sum over T5 we have

Y Ge.nfo) = Ll S Mg~y

— 17" ene

c Z qIS\q—(l—V)IS\h(t)
rel(s)

= g ()

< cg""R* (b A s),

N
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and so, as before,

Y G5, 0 f (1) < cMryh(b). (5)
teTs
Lastly,
Yo Glnf0) = = g )
teTy q teTy
< ¢ Z qZ\b/\s\—|b/\s|q—(l—y)|b/\s|h(t)
tell(bAs)
<e ) 4"
tell(bAs)

= cq""""I* b A s)
giving

Y G5, 0 f (1) < cMeyh(b). (6)

teTy

By combining (3), (4), (5), and (6) we get

{b €A limsup Gf(s) > 3} CibeA: Myh(b) > co). %)
Qr.a(b)3s—b

It follows from Lemma 2 that

h
Cry({beA: lim sup Gf(s)>8})<c” I < ce
Qua(b)35—b )

This completes the proof. O

REMARK 2. A generic potential on T satisfies y = p = 1. The theorem applied
in this case says that every potential has nontangential limit zero H;-a.e. (which
is the same as almost everywhere with respect to the representing measure of the
constant harmonic functions). This is in marked contrast to the situation in classical
potential theory where there exist potentials on a half space in R’} that fail to have
nontangential limits at every boundary point.

4. Proof of Theorem 1 for the Case p > 1

Recall that the function f on the tree verifies the two conditions Gf < oo and
Sp fP()gM < oo where 0 < y < 1. We start with the following simple
exercise in summing a geometric series. We do not include the proof.
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LEMMA 4. Leta > 1and |s| > 1. Then ¥, () ¢~ = 1.
We shall organize the remainder of the proof of Theorem 1 in several steps.

Step 1. Let s bein T and b € A. We show that for every i, ), .y () G(5, 1)
f(t) = 0ass — b. Note that

G(s,t) = 9 M =l

g —-1G(,1) ®

Recalling the notation IT1(b;) = I1(b;) — I1(b;41), we have

i—1
q G(s, 1) —t]
——> > Gond o

Y. Ginfo

1€T—T1(b;) 9-1:3 1€T1))
i—1
<e) D ¢ Mg ra
7=01eT(®))
-1

< e ¢y o
j=0 teT
= ¢q”Gf(0)g ™"

and the latter goes to O as s — b.
Step 2. For0 <d < 1,and § > 0, define B, s by

Bys = {b € A : limsup g™ Z Fr(g " > 5}.

i—00 (b;)
In case § = 0, we denote B, s by By. It is obvious that
Bd,g c{beA:Mih(b) > 5},

where h(t) = fP(t)q~""!. Since By s is unchanged if f is set equal to zero at any
finite number of vertices it follows from Lemma 2 that H;(B; ) = 0, and so by
countable subadditivity, H;(Bg) = 0. We conclude that H;,, (B;,) = 0.

Step 3. Let B be a number such that ¥ < § < 1. Define, for each § > 0,

Apps= {b € A:limsup Y fP(t)g PU=nD > 8}.
i—00 (b))

Since for each 7, the function b = ;. P (t)g=PUI=Ib71D g Jocally constant on
A, it is continuous and hence b > limsup; , ., ") f7(1)gPUI=1PAD s a Borel
function.

We now proceed to show that H, (A, g5) = 0. Suppose, on the contrary that
H, (A, s) > 0. Then by Remark 1 and Lemma 1, there exists a non-trivial Radon



88 KOHUR GOWRISANKARAN AND DAVID SINGMAN

measure v with support in a compact subset of A, g s satisfying for all # € T,
v(E (1)) < ¢77". We claim that for every ¢ € T,

/ qﬁ\bAt| dv(b) < Cq(ﬁ—y)ltl‘ 9
A

Indeed,

|t]—1
/ g""Mdv(b) =) / g™ dv(b) + / g™ dv(b),
A 0 JEGD—E(tj51) E(t)

where tp = 0,¢,...,1;, = t are the vertices forming the geodesic from O to z.
Thus

[t]—1
> / g" dv(b) + ¢"" v (E (1))
im0 JE)
[t]—1
< Zqﬁjq—w +q5\t\q—y\t\
j=0
T

/ ¢""M dv(b) <
A

proving the claim. Consider a positive integer N such that, for TV = {t € T : |t| >
N}, we have

1)
Y rog < vl (10)

te TN

where c is as in (9). By the Monotone Convergence Theorem,

/ 2" g dvb) = ) f g™ P (0g ™ dv(b)
A ™ ™ A

c Z q(ﬂ—)/)\l\fp(t)q—ﬂltl (by 9))

N

T

=) a7
TN

< SIvl.

On the other hand, if we consider any b in A, g s, there exists j greater than N
such that

3 g P s s

;)
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and so

Zqﬁ\mtlfp(t)q—ﬂltl > Z fp(t)q—ﬁ(\t\—lb/\t\) > 5.
TN

I1(b;)

Integrating both sides with respect to v, we get the obvious contradiction that
[lvl[§ < [[v]I(§/2). This completes the proof that H, (A, g 5) = 0. If we now define

A,p = {b € A : limsup Z FP(t)g PUI=Ienth o O},

i—00 )

we deduce that H, (A, g) = 0. A fortiori, it follows that H;,, (A, g) = 0.
Step 4. Let A be defined by

A= {b € A:limsupg’ Y f(Hg™" > 0}.

i—00 teM(b)

We now show that A is a subset of A, g for any B strictly between y and 1.

Assume that b is not an element of A, g. Note that if p’ = p/(p — 1) is the
index conjugate to p, then, since 8 < 1, (1 — 8/p)p’ > 1. Applying Lemma 4 and
observing |b A t| > i for t € T1(b;), we have

gy fig™"

TI(bi)

i _il —Bbar— B (bt —
=g Z[q 1l g =5 (1Bl Itl)][f(t)qp(\ At \t\)]

T(bi)

(1 ﬂ) a ﬁ)\t\ , 1/p' b I/p
<q'" (Z g ﬁ) (Z (1) m—m))

(i) T1(b;)

ia=Ly, —a-Lyip\1/p p BUbAt|—t]) 1r

<ceg""P (@MY Y g
(i)

When i — 00, by the definition of A, g, the right side tends to 0 and therefore b is
not an element of A.

Step 5. We now proceed to complete the proof of the theorem. We shall show
that if b is not an element of A U B;,, then Gf(s) tends to zero as s — b within
the indicated approach region. Fix such a b. We consider s in the region €2, ,(b).
Let € > 0. We shall first use the fact that b is not in A to show that we can establish
a range of s close enough to b so that the contribution Z,e(n(bm))f G(s,t)f(t) to
Gf(s) can be made < ce. Since b is not in A, we can choose an integer iy such that

Ciy=supq’ > f(Hg™" <e.

j>i0 H(b/')
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By virtue of Lemma 3, for all s close enough to b,

Y Ge.nf) <e.

1e(M(bi)*

We also have

[bAs|—1 |bAs|—1
Yo Y Genfm <c Yy, Y ¢ Mg @
j=io teTl(b)) J=io tell(bj)
|bAs|—1
=c Y @™ Y g0
Jj=io tell(b;)

< CCl‘Oqleél_‘él

< G

< C€.

This is true for all s sufficiently close to b whether s is in €2, ,(b) or not. We have
shown Z,e(n(bm))f G(s,1) f(t) < ce for all s close enough to b.

Now we consider the contribution Zl‘[(b As) G(s,t)f(t) for all s € Q,(b).
We split this sum over T,, T3 and T4 as in Section 3. In order to apply Holder’s
inequality we rewrite

q G(S 1) —|t|(l L) ~Zt|
GG, ) f(t) = —— t . 11
(s, 0) f(1) 160! P ft)g r (1D
Consider the summation over T,. Denoting the geodesic from b A s to s by
[s0, ..., Sisj=pas|], putting n = |s| — |b A s| — 1, and using Lemma 4, we note
G, 1) g =p'ltl(1=1) - 23bAs|+)1=Ishp’ —p'ltl(1-%
P = slN1=Ishp’ =P ltl(=5)
Z(Gm,z)) ! 224 I
T2 J=1TG))

n
c Z q([2(|bAS|+j)]—\S|)p’q—P/(1—%)[IbASHj]

N

j—l
— Zq [(A+D)bAs|=Is|+(1+5) /]

qu [(1+,—,)|bm|—\s|+(1+%>(\s|—\bmm

:Cq

Hence, since s € Q. ,(b), we have by Holder’s inequality and (11) that the contri-
bution to G f (s) from T, satisfies

1/p
ZG(S f) < c< vls| pr(t)q_yt)

teTy

P
pPlsl
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1/p
< C<qTV|bAS| Z fp(t)q—)/l>

I(bAs)

and this tends to 0 as s — b since b is not in Br,,.
Let us now consider the contribution to G f (s) from summing over ¢ € T;. We
have

Z GGs.0\" —pltl(1=%) Z Islp’ , —p'ltl1=%
) — slp’ =P lrl(1=3)

- <G(0,t)) 1 t 74

3 ell(s)

Cq|s\p’q—(l—%)p’lﬂ

_ Cq,y—,p’\SI

N

As in the summation over T,, we deduce the contribution to Gf (s) from ¢t € T
goes to zero as s — b, s € Q2 ,(b).
Lastly, consider the contribution to G f (s) from t € T4. Again

G(s,1) r —pltl(1=1) P (1=
’ 5 < @lbasi=Ishp’ ,—pItl(1=1)
Z(G(o,w) ! <2 !

Ty I(bAs)

. . —_p/(1-Y .
= oqQnsi=ishp =P A=F)lbns]
Y

/
< cq ],|S‘I7 .

Exactly as shown above, the contribution to Gf (s) from ¢t € T, tends to zero as
s — band s € Q,(b). We have clearly demonstrated that limg_ ,)ss—5 Gf (5)
= 0if b is not an element of AU B,,,. Since by Steps 2, 3, and 4 we have H,, (A U
B;,) =0, the proof is complete. O

5. Converse Results

We now show that we cannot improve on the exceptional set in Theorem 1.

THEOREM 2. Let0 <y < 1,1 <t <1/y, p> 1, and suppose H.,,(E) = 0.

(A) Then there exists a function f on T such that ), .y f (g7 < oo and
limsupg_ )55 Gf (s) = 00 for every b € E.

(B) If in addition y < 1 and E is compact, then there exists a function f on T
such that || flleo < 1, Y, [P(0)g77" < 00 and liminfg, )s5—5 Gf (s) <
limsupg_ )55 Gf (s) for every b € E.

Proof. (A) There exists {t/} C T such that for each positive integer j, E C
U E@#7); {E(¢7)}; is a disjoint family; for each i, |¢"/| > j;and Y, ¢7*7!"'I <
27J. For each i and j, let s*/ e TI{t"/} such that [s"/| = [z|t"/]] ([...] de-
notes the greatest integer function). Define f on T by f(s*/) = j and 0 oth-
erwise. Let b € E. For each positive integer j there exists i(j) such that b €
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E(¢t'U)7) and hence s’/ € Q. (b), |s'U"/| > jand f(s'-7) = j. It follows that
lim supg_ (4555 Gf (s) = oo. Finally

Y fg M = ZZM‘V“”‘
teT
< Zq iy g
j i

< quj2_j < 00.
J
(B) For each positive integer j we shall inductively define a positive integer
i(j), vertices "/, s*/, and function values f(s"/) for each i from 1 to i(j). First
take j = 1. Since E is compact and H;,(E) = 0, there exists a finite set of
vertices 11, 121, ..., f'D-1 such that, if i # i’ then EG")Y N EG@"") = 0, E C
U® E@ l) and Z’(l) =™l < 2-1 For each ¢!, let s"! be any vertex in
I1(¢"!) such that |s"!| = [z]t"!|]. Define f(s*!') = 0. Now suppose that, for some
j > 1 we have chosen i(j), t"/,s"/, and f(s"/) for each i < i(j). There exists

a finite set of vertices ¢!/*1 (2t pUFDJH quch that (1) if i # i’ then
E@+)n E@ ) = @ @) E € Y B, @) Y00 gt o
2-U*D: (4) for each i = LiG A D, [ > (A = ) P max{|emF ] k<

j.m < i(k)}; and (5) for all s such that |s| > minf{|¢"/*!| 1 i < i(j + 1)}, the
potential at s due to the values of ™0, k < j,m < i(k) is at most 1/16.
Lemma 3 allows us to arrange for property (5). For each i from 1 to i(j + 1), let
sJ*1 be any vertex in IT(¢/*!) such that |s*/*!| = [r|¢"/*|]. Define f(s"/*!) to
be 0 if j is even and 3/16 if j is odd.

Fix j so that j is odd, 2/ > 16¢%/(q — 1), and let i < i(j). Then

j—1i(m) oo i(m)
Gf(s™) < Y D GG M fhmy + Y0 Y GG st )
m=1 k=1 m=j+1 k=1

We estimate each term in (12) separately. For the first term we have

—~

j—1 i(m)
i,j Jk.m k,m 1
G(s"',s"™) f(s™ )<E (13)
m=1 k=1
by property (5) in the previous paragraph. Note that form > j + 1 and k < i(m)
we have by property (4) above that |t5"| > (1 — y)~!|¢"/| so that [t — |¢] >
y |t*™|. Thus, for the second term in (12) we have

oo i(m) oo i(m) G(Sl] S .
ij Gkmy _ =%
> Yawin - 4 3 S G,
m=j+1 k=1 =j+1 k=1
oo i(m)

_ 4 siod agkm| g _|gkm
__IZZqZ\Al\\q\\

m=j+1 k=1
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<

N

N

N

<

oo i(m)

_1 Jsid |—[skom]
DI

m=j+1 k=1

oo k(m)

q _ komy_ (4,
— Z Zq (|t =1 ) +1

m=j+1 k=1

2 oo i(m)

q —T}/‘l‘k‘m‘
q
1 m=2j—:|-l k2=1:
oo
q 1 Z 2—m

m=j+1

E.

93

(14)

It follows from (13) and (14) that if j is odd and larger than log, (16¢%/(q — 1)),

we have

Gf(s™) < 2
S 16

On the other hand, if j is even,

G > Lo pst) > =

q

(15)

(16)

Let b € E. For all j arbitrarily large, there exists i < i(j) such that b € E(t"/),
hence s"/ € Q. (b). By (15) and (16) we have

2
liminf Gf(z) <

Q(b)at—b

Finally,

> frg "

teT

N

N

16

3
< — < limsup Gf(¢).
16 Q¢ (b)3t—b



94 KOHUR GOWRISANKARAN AND DAVID SINGMAN

The next result shows that the degree of tangency in Theorem 1 cannot be increased
beyond 1/y.

THEOREM3. LetO <y <1, p>1l,andlett > 1/y.

(A) Then there is a potential Gf such that ), g fHg" < oo and
limsupg_)55—p Gf (5) = 00 for every b € A.

(B) If in addition y < 1, then there is a potential Gf such that |||l < 1,
e fP(g™" < 00, and liminfg, )55 Gf (s) < lim SUPg_ (hyss—b GF (8)
for every b € A.

Proof. (A) For each positive integer i, let t'/, >/ ... be the (g + 1)g/~!
vertices of modulus j. For each such vertex ¢/, pick a vertex s/ € I1{t"/} such
that [s*/| = [z]t"/|] = [tj]. Let f£(s) be j if s = s"/ and O otherwise. Clearly the
lim sup of f(s) is co atevery b € A if approach is in 2, (b) and therefore the same
is true of the lim sup of G f (s). Also

Y f0g M =Y f(sh g
ij

teT

< Y ig7 V(g + D'

J
< Cqu—(f)/—l)j
J
< OQ.

(B) Let {d;} be an increasing sequence of positive integers. We shall soon
impose some restrictions on this sequence. For each j, let thdi ¢24di . be the
(q + Dg%~" vertices of modulus d;. For each such vertex "9/, pick a vertex
sidi e TI{#"} such that |s"%| = [t|t"9|] = [td;]. Define f(s"%) to be O if
Jisodd and 3/16 if j is even. We assume that the sequence {d,} is chosen so that
(1) for each j, dj+1 > 2(1 + td;)/(r — 1), and (2) for all j € Z* and all s such
that |s| > d;, the potential at s due to all the values of f (s"%) for k < j and
i < (g + 1)g%~"is at most 1/16. This is possible by Lemma 3.

Fix j so that j is odd and 37 .| Z%}q_%dm < 1/16. Then

Jj—1 k(@m) oo k(m)

GF M) < 3G, sk sy + 3 Y G, s, (1)

m=1 k=1 m=j+1 k=1

where k(m) = (g + 1)g~'. By property (2) of the previous paragraph, the first
term in (17) is at most 1/16. A simple calculation and property (1) shows that if
mzj+1,

T—1

dyy — (vdy =1 = 1d;) < ——

dpy. (18)
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The second term in (17) thus satisfies

S q > X idj kd
Z ZG(Sivdj’skﬂm) _ Z Zq—d(s’J,S"")
m=j+1 k=1 q—1 m=j+1 k=1

oo k(m) )
< L Z Zq—(lsk*"ml—\s’*du)
q-1 m=j+1 k=1
o0
< w Z qdm—lq_(fdm—l—fdj)
1= m=j+1
o0
qg+1 _rol
L
q m=j+1
1
< —.
16

We deduce that for all b € A,

2 3
liminf Gf(t) < — < — < limsup Gf (7).

Q. (b)ot—b 16 16~ q,()st—b
Finally,
oo k(j) .
pr(t)q—yltl < qu—y\s"dfl
) j=1i=l1

o0
< D (g + DghlgTr D
=1

o0
— qu—l(q+1)q—(ry—l)d_/
=1

< Q. O
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