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Abstract. Let T be a homogeneous tree of homogeneity q + 1. Let � denote the boundary of T,
consisting of all infinite geodesics b = [b0, b1, b2, . . .] beginning at the root, 0. For each b ∈ �,
τ � 1, and a � 0 we define the approach region �τ,a(b) to be the set of all vertices t such that,
for some j , t is a descendant of bj and the geodesic distance of t to bj is at most (τ − 1)j + a. If
τ > 1, we view these as tangential approach regions to b with degree of tangency τ . We consider
potentialsGf on T for which the Riesz mass f satisfies the growth condition

∑
T f

p(t)q−γ |t | <∞,
where p > 1 and 0 < γ < 1, or p = 1 and 0 < γ � 1. For 1 � τ � 1/γ , we show
that Gf (s) has limit zero as s approaches a boundary point b within �τ,a(b) except for a sub-
set E of � of τγ -dimensional Hausdorff measure 0, where Hτγ (E) = supδ>0 inf{∑i q

−τγ |ti | :
E a subset of the boundary points passing through ti for some i, |ti | > logq (1/δ)}.

Mathematics Subject Classifications (2000): 31B25, 05C05.
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1. Introduction

Let us consider the half space R
n+ = {(x′, xn) : x′ ∈ R

n−1, xn > 0}. LetG(x, y) be
the Green function corresponding to the Laplace operator and let µ be a positive
Radon measure on R

n+ such that the Green potential Gµ is not identically ∞.
This is precisely the condition that µ satisfies

∫
yn

(1+|y|)n dµ(y) <∞. There are a
number of well known results that describe the behaviour of Gµ(y) as y tends to
the boundary, viz. R

n−1. For a generic potential on the unit disc in the complex
plane, the most classical result is the one due to Littlewood [11]. It was generalized
to higher dimensions as follows by Privalov [16].

THEOREM LP. The limit of Gµ(x′, xn) equals zero as xn → 0 for Lebesgue
almost every x′ ∈ R

n−1.

By adding a growth condition, Carleson [3] improved the nature of the exceptional
set. More precisely,
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THEOREM C. Let further µ verify the condition
∫
K∩R

n+
y
γ
n dµ < ∞ for every

compact subset K of R
n, where 0 < γ � 1. Then Gµ(x′, xn) → 0 as xn → 0

except for x′ in a set E of (n− 2 + γ )-dimensional Hausdorff measure zero.

For generalisations of these results see [7–9].
It is interesting to analyze the behaviour of potentials along more general ap-

proach sets such as nontangential and even tangential regions. One cannot expect
results of this type for generic potentials. There are, however, results known for
potentials represented by absolutely continuous measures whose Radon–Nikodym
derivatives (relative to the Lebesgue measure) satisfy certain growth conditions. In
this direction we refer the reader to the articles by Arsove and Huber [1], Wu [19],
Mizuta [14, 15], and Berman and Cohn [2]. In this regard we recall the following
result of interest to us.

THEOREM WM ([19, 14, 15]). Let p > n/2, 2p − n < γ � 2p − 1. Let fur-
ther τ be a real number satisfying 1 � τ � n−1

n−2p+γ . For x′ ∈ R
n−1 and a > 0,

let Tτ,a(x′) = {y ∈ R
n+ : |x′ − y|τ � ayn} be the approach region at x′ of

aperture a and tangency τ . Let f � 0 be measurable such that Gf (the poten-
tial corresponding to f dx) is not identically ∞. Suppose f satisfies the growth
condition

∫
K∩R

n+
f p(y)y

γ
n dy <∞ for all compact sets K of R

n. Then the limit of

Gf (y) as y tends to x′ within Tτ,a(x′) is zero except for a set of x′ ∈ R
n−1 of

τ(n− 2p + γ )-dimensional Hausdorff measure zero.

In this paper we shall prove results analogous to the above for the case of potentials
on a homogeneous tree T instead of R

n+. Let the tree be homogeneous of degree
q + 1 and denote the root of the tree by 0. We denote by |t| the length of the
geodesic from 0 to t . Let G be the Green function on T × T ([4], p. 264). The
Martin boundary of T consists of the collection � of all infinite geodesics starting
at 0. If f is any nonnegative function on T,Gf (s) = ∑

t∈TG(s, t)f (t), if finite, is
the potential corresponding to f . We shall recall the details of the above concepts
in the next section. We shall as well introduce an approach region of ‘tangency τ ’
and ‘aperture a’ for each b ∈ �, denoted by �τ,a(b). We shall discuss Hausdorff
measures of various dimensions with which we measure the exceptional sets. We
now state our main result.

THEOREM 1. Let T be a homogeneous tree of degree q + 1. Let 0 < γ < 1 for
p > 1 and 0 < γ � 1 for p = 1. Let further 1 � τ � 1/γ . Let f be a nonnegative
function defined on T such that Gf is finite and

∑
t∈T f

p(t)q−γ |t | < ∞. Then
the limit of Gf (s) as s tends to b ∈ � with s in the approach region �τ,a(b) of
‘tangency τ ’ and ‘aperture a’ is zero for all b ∈ � except possibly for a set E ⊂ �
such that the τγ -dimensional Hausdorff measure of E is 0.

We shall show in the last section that these results are sharp in that (i) the excep-
tional sets cannot be improved and (ii) the degree of tangency cannot be increased
beyond 1/γ .
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2. Generalities on Trees and Hausdorff Measures

We define a tree T to be a graph that is infinite, locally finite, connected, and simply
connected. A basic reference for potential theory on trees is [4]. In this paper T
is assumed to be homogeneous of degree q + 1, that is each vertex has exactly
q + 1 nearest neighbours, where q is a fixed integer � 2 and the edge transition
probabilities are all 1/(q + 1). We fix one vertex 0 which we call the root of T.
For any two vertices s and t , a path joining s and t is a finite sequence of vertices
[s0, s1, . . . , sn] such that s0 = s, sn = t , and for each j from 0 to n − 1, sj is
adjacent to sj+1. We refer to n as the length of this path. There is a unique path
joining s and t of minimum length which we call the geodesic path from s to t .
The length of the geodesic is denoted by d(s, t). We let |t| denote d(0, t) and call
it the modulus of t .

We write that s � t if s lies on the geodesic from 0 to t . We define  (s) to be
the set of all vertices t ∈ T such that s � t . For any two vertices s and t , consider
all the vertices w such that w � s and w � t . We let s ∧ t denote the unique one
of largest modulus.

Let � denote the set of all infinite geodesics beginning at the root. Thus b ∈ �
if b = [b0, b1, . . .], where b0 = 0, and for every positive integer n, [b0, b1, . . . , bn]
is a geodesic. We refer to b0, b1, . . . as the vertices of b. If b = [b0, b1, . . .] and
s ∈ T, then we define b ∧ s to be the vertex of b of largest modulus that is in the
geodesic from 0 to s. If b = [b0, b1, . . .] and d = [d0, d1, . . .] are in �, we define
b ∧ d to be the the vertex of largest modulus that is common to b and d. We can
then define the distance from b to d to be q−|b∧d | if b �= d and 0 if b = d with a
similar definition for the distance between two vertices of T or between a vertex
and a point of �. With this distance, T ∪ � becomes a metric space which is a
compactification of T.

For each s ∈ T, define E(s) to be the set of all b ∈ � such that b∧s = s. Notice
this is a ball in � of radius q−|s| and that every ball in � is E(s) for some s ∈ T.
Notice also that any two such balls are either disjoint or one contains the other. For
each b ∈ �, {E(bj )}∞

j=1 forms a base for the neighbourhoods of b. A sequence {sn}
of vertices converges to b ∈ � if and only if |b ∧ sn| → ∞ as n→ ∞.

Let f be a real-valued function defined on the vertices of T. We let ‖f ‖∞ =
supt∈T |f (t)| and ‖f ‖1 = ∑

t∈T |f (t)|. Let � be a subset of T having b as a limit
point. We write lim��s→b f (s) = L provided for every ε > 0 there exists an
integer j such that for every s ∈  (bj) ∩ �, |f (s) − L| < ε. If � equals  (bj)
for some j , we simply write lims→b f (s) = L. If � consists only of the vertices of
b, we say f has a radial limit at b.

DEFINITION 1. Let b ∈ �, τ � 1 and a � 0. The region �τ,a(b) is given by

�τ,a(b) = {s ∈ T : ∃j ∈ Z such that b ∧ s = bj ,
and d(s, bj ) � (τ − 1)j + a}.
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If a = 0, we simply write �τ(b). If τ = 1, we call the region the nontangential
approach region to b of aperture a. If τ > 1, we call it the tangential approach
region to b of aperture a and tangency τ .

The potential theory on the tree is determined by the kernel P : T × T → R,
P(s, t) = 1/(q+1) if s and t are adjacent, and 0 otherwise. Powers of P are defined
inductively by Pn(s, t) = ∑

u∈T P(s, u) · Pn−1(u, t). A real valued function f on
T is called harmonic if for all s ∈ T, Pf (s) = ∑

t∈T P(s, t)f (t) = f (s). For in-
teresting boundary behaviour results concerning harmonic functions, see [18]. The
Green function G(s, t) is defined on T × T byG(s, t) = I (s, t)+∑

j∈Z+ P j(s, t),
where I (s, t) = 1 if s = t and 0 otherwise. For the homogeneous tree T, G(s, t)
is given by q

q−1q
−d(s,t). The potentials for the potential theory on T are given by

Gf (s) = ∑
t∈TG(s, t)f (t), where f is a non-negative function on T for which

the above sum is not identically infinite. It can be shown that Gf (s) is necessarily
finite for every s and this happens if and only if f satisfies the condition that∑
t∈T q

−|t |f (t) <∞.
The technique developed by Martin [13] can be applied to deduce that � is the

Martin boundary for this harmonic space. Details are given in [4]. Let s, t ∈ T
and let [s0, s1, . . . , s|s|] be the geodesic from 0 to s. It is easy to check that the
quotient G(s, t)/G(0, t) takes the constant value q2j−|s| on the set of all t such
that t ∧ s = sj . The Martin kernel is thus P(s, b) = q2|b∧s|−|s|, and for every
positive harmonic function f on T there is a unique measure µf on� such that for
all s ∈ T, f (s) = ∫

P(s, b) dµf (b). The measure µ1 representing the harmonic
function f ≡ 1 satisfies µ1(E(t)) = q

q+1q
−|t |, if t �= 0, and µ1(E(0)) = 1.

We now define the Hausdorff measures which we shall use to measure the
exceptional sets that arise in Theorem 1.

DEFINITION 2. Let E be a subset of �. Let 0 < β � 1. We define

Hβ(E) = sup
δ>0

inf

{∑
i

q−β|ti | : E ⊂
⋃
i

E(ti), |ti | > logq (1/δ)

}

and

Cβ(E) = inf

{∑
i

q−β|ti | : E ⊂
⋃
i

E(ti)

}
.

We call Hβ(E) the β-dimensional Hausdorff measure of E and Cβ(E) the β-
dimensional content of E.

It is easy to see that Hβ(E) = 0 if and only if Cβ(E) = 0.

REMARK 1. Hβ is a measure constructed by “Method II” as described in [17],
p. 27. It follows by Theorems 44, 47, and 48 in [17] that Hβ is inner regular in the
sense that a Borel set has positive Hβ measure if and only if there exists a compact
subset which has positive Hβ measure.
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The following is adapted from a classical result of Frostman [6]. The proof can
easily be modeled on the proof of Frostman’s theorem given on page 223 of [10].
We leave it to the reader.

LEMMA 1. Let K be a compact subset of � having positive Hβ measure for 0 <
β � 1. Then there exists a measure ν with support in K such that 0 < ν(K) <∞
and for every t ∈ T, ν(E(t)) � q−β|t |.

In what follows, the letter c will be used to represent a constant value which, though
possibly different with each occurrence, does not depend in an important way on
the parameters of interest.

3. Proof of Theorem 1 for the Case p = 1

Let h be a nonnegative function on the tree T. Let, for a vertex s, h∗(s) =∑
t∈ (s) h(t).

DEFINITION 3. Let b = [b0, b1, b2, . . .] be in�. Let β > 0 and h � 0 on T. We
define the maximal function

Mβh(b) = sup
i

qiβh∗(bi).

We now prove the following result concerning the growth of the maximal function.

LEMMA 2. Let h � 0 on T and λ > 0. Then

Cβ({b ∈ � : Mβh(b) > λ}) � ‖h‖1

λ
.

Proof. Let Fλ = {b ∈ � : Mβh(b) > λ}. By the definition of the maximal func-
tion, for each b ∈ Fλ corresponds an integer i(b) such that h∗(bi(b)) > λq−i(b)β .
The collection {E(bi(b))}b∈Fλ is a covering of Fλ by balls. We recall that any two
balls in the family are either disjoint or one is a subset of the other. By using the
Well Ordering property of the natural numbers, we can choose a subset F ′

λ ⊂ Fλ
such that {E(bi(b))}b∈F ′

λ
is a cover of Fλ and consists of pairwise disjoint balls. Note

that {E(bi(b))}b∈F ′
λ

pairwise disjoint is equivalent to { (bi(b))}b∈F ′
λ

being pairwise
disjoint. Clearly F ′

λ is a countable set. Now, by the countable subadditivity of Cβ ,

Cβ(Fλ) �
∑
b∈F ′

λ

q−β|bi(b) |

� 1

λ

∑
b∈F ′

λ

h∗(bi(b))

� 1

λ

∑
t∈T

h(t)

= ‖h‖1

λ
. ✷



84 KOHUR GOWRISANKARAN AND DAVID SINGMAN

LEMMA 3. Let the support of f be in {t ∈ T : |t| � M} and let N > M. Then,
for all s ∈ T with |s| � N ,

Gf (s) � q + 1

q − 1
‖f ‖∞q2M−N .

The lemma follows easily by checking the sum Gf (s) = ∑
t∈TG(s, t)f (t). We

note that this result gives us the fact that for any function f with finite support as
above, Gf (s) tends to zero uniformly as s tends to b without any restriction on the
direction of approach.

Proof of the theorem. We recall p = 1 and 0 < γ � 1. Let f be a function
on T. We want to show that Gf (s) → 0 as s → b with s ∈ �τ,a(b) except for a
set of Hτγ -measure zero. To prove the result, it is enough to show that for arbitrary
ε > 0 and δ > 0

Cτγ

[{
b ∈ � : lim sup

�τ,a(b)�s→b
Gf (s) > δ

}]
< cε. (1)

Accordingly let us fix an ε > 0 and a δ > 0. The hypothesis
∑
t∈T f (t)q

−γ |t | <∞
can be rewritten as ‖h‖1 <∞, where h(t) = f (t)q−γ |t |. By virtue of Lemma 3, the
lim sup in (1) is unchanged if the values of f on a finite set of vertices are changed
to 0, and so without loss of generality we may assume ‖h‖1 < εδ. Now, let us fix
a b belonging to the set described on the left side of (1) and an s ∈ �τ,a(b). Let
[s0, . . . , s|s|−|b∧s|] be the geodesic from b ∧ s to s. In order to compute Gf (s), we
divide the tree T into four disjoint pieces T1,T2,T3, and T4 defined as:

T1 =
|b∧s|−1⋃
j=0

 (bj), T2 =
n⋃
j=1

 (sj ), for n = |s| − |b ∧ s| − 1,

T3 =  (s) and T4 =  (b ∧ s)− (T2 ∪ T3),

where  (bj) =  (bj)− (bj+1) and  (sj ) =  (sj )− (sj+1). Now

Gf (s) =
∑
t

G(s, t)f (t) =
4∑
j=1

∑
t∈Tj

G(s, t)f (t).

We shall estimate each sum on the right separately. In each of the estimates we will
use the expression

G(s, t)f (t) = G(s, t)

G(0, t)
f (t)G(0, t) = q

q − 1

G(s, t)

G(0, t)
q−(1−γ )|t |h(t). (2)

We have

∑
t∈T1

G(s, t)

G(0, t)
q−(1−γ )|t |h(t) =

|b∧s|−1∑
j=0

∑
t∈ (bj )

q2j−|s|q−(1−γ )|t |h(t)
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�
|b∧s|−1∑
j=0

∑
t∈ (bj )

q−τγj q2j−|s|q−(1−γ )jh(t)qτγj

�
|b∧s|−1∑
j=0

qj [1+γ−γ τ ]−|s|h∗(bj )qτγj

� q−|s|Mτγ h(b)
|b∧s|−1∑
j=0

qj [1+γ−γ τ ]

� cMτγ h(b)q
−|s∧b|q |b∧s|(1+γ−γ τ),

hence∑
t∈T1

G(s, t)f (t) � cMτγ h(b). (3)

Next we have

∑
t∈T2

G(s, t)f (t) = q

q − 1

n∑
j=1

∑
t∈ (sj )

q2(|b∧s|+j)−|s|q−(1−γ )|t |h(t)

� c

n∑
j=1

∑
t∈ (sj )

q2(|b∧s|+j)−|s|q−(1−γ )(|b∧s|+j)h(t)

� cq−|s|q(1+γ )|b∧s|
n∑
j=1

∑
t∈ (sj )

qj (1+γ )h(t)

� cq−|s|h∗(b ∧ s)q(1+γ )|b∧s|q(1+γ )(|s|−|b∧s|)

= ch∗(b ∧ s)q |s|γ

� ch∗(b ∧ s)q(τ |b∧s|+a)γ

and so∑
t∈T2

G(s, t)f (t) � cMγτh(b). (4)

For the sum over T3 we have
∑
t∈T3

G(s, t)f (t) = q

q − 1

∑
t∈ (s)

q |s|q−(1−γ )|t |h(t)

� c
∑
t∈ (s)

q |s|q−(1−γ )|s|h(t)

= cqγ |s|h∗(s)
� cq |s|γ h∗(b ∧ s),
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and so, as before,
∑
t∈T3

G(s, t)f (t) � cMτγ h(b). (5)

Lastly,
∑
t∈T4

G(s, t)f (t) = q

q − 1

∑
t∈T4

q2|b∧s|−|s|q−(1−γ )|t |h(t)

� c
∑

t∈ (b∧s)
q2|b∧s|−|b∧s|q−(1−γ )|b∧s|h(t)

� c
∑

t∈ (b∧s)
q |b∧s|τγ h(t)

= cqτγ |b∧s|h∗(b ∧ s)
giving

∑
t∈T4

G(s, t)f (t) � cMτγ h(b). (6)

By combining (3), (4), (5), and (6) we get
{
b ∈ � : lim sup

�τ,a(b)�s→b
Gf (s) > δ

}
⊂ {b ∈ � : Mτγ h(b) > cδ}. (7)

It follows from Lemma 2 that

Cτγ

({
b ∈ � : lim sup

�τ,a(b)�s→b
Gf (s) > δ

})
� c‖h‖1

δ
< cε.

This completes the proof. ✷
REMARK 2. A generic potential on T satisfies γ = p = 1. The theorem applied
in this case says that every potential has nontangential limit zero H1-a.e. (which
is the same as almost everywhere with respect to the representing measure of the
constant harmonic functions). This is in marked contrast to the situation in classical
potential theory where there exist potentials on a half space in R

n+ that fail to have
nontangential limits at every boundary point.

4. Proof of Theorem 1 for the Case p > 1

Recall that the function f on the tree verifies the two conditions Gf < ∞ and∑
T f

p(t)q−γ |t | < ∞ where 0 < γ < 1. We start with the following simple
exercise in summing a geometric series. We do not include the proof.
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LEMMA 4. Let a > 1 and |s| � 1. Then
∑
t∈ (s) q

−a|t | = q−a|s|
1−q(1−a) .

We shall organize the remainder of the proof of Theorem 1 in several steps.
Step 1. Let s be in T and b ∈ �. We show that for every i,

∑
t∈T− (bi) G(s, t)

f (t)→ 0 as s → b. Note that

G(s, t) = q

q − 1

G(s, t)

G(0, t)
q−|t |. (8)

Recalling the notation  (bj) =  (bj)− (bj+1), we have

∑
t∈T− (bi)

G(s, t)f (t) = q

q − 1

i−1∑
j=0

∑
t∈ (bj )

G(s, t)

G(0, t)
q−|t |f (t)

� c

i−1∑
j=0

∑
t∈ (bj )

q2j−|s|q−|t |f (t)

� c

i−1∑
j=0

q2j−|s| ∑
t∈T

q−|t |f (t)

= cq2iGf (0)q−|s|

and the latter goes to 0 as s → b.
Step 2. For 0 < d � 1, and δ � 0, define Bd,δ by

Bd,δ =
{
b ∈ � : lim sup

i→∞
qid

∑
 (bi)

f p(t)q−γ |t | > δ
}
.

In case δ = 0, we denote Bd,δ by Bd . It is obvious that

Bd,δ ⊂ {b ∈ � : Mdh(b) > δ} ,
where h(t) = f p(t)q−γ |t |. Since Bd,δ is unchanged if f is set equal to zero at any
finite number of vertices it follows from Lemma 2 that Hd(Bd,δ) = 0, and so by
countable subadditivity, Hd(Bd) = 0.We conclude that Hτγ (Bτγ ) = 0.

Step 3. Let β be a number such that γ < β < 1. Define, for each δ > 0,

Ap,β,δ =
{
b ∈ � : lim sup

i→∞

∑
 (bi )

f p(t)q−β(|t |−|b∧t |) > δ
}
.

Since for each i, the function b �→ ∑
 (bi)

f p(t)q−β(|t |−|b∧t |) is locally constant on
�, it is continuous and hence b �→ lim supi→∞

∑
 (bi)

f p(t)q−β(|t |−|b∧t |) is a Borel
function.

We now proceed to show that Hγ (Ap,β,δ) = 0. Suppose, on the contrary that
Hγ (Ap,β,δ) > 0. Then by Remark 1 and Lemma 1, there exists a non-trivial Radon
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measure ν with support in a compact subset of Ap,β,δ satisfying for all t ∈ T,
ν(E(t)) � q−γ |t |. We claim that for every t ∈ T,

∫
�

qβ|b∧t | dν(b) � cq(β−γ )|t |. (9)

Indeed,

∫
�

qβ|b∧t | dν(b) =
|t |−1∑
j=0

∫
E(tj )−E(tj+1)

qβ|b∧t | dν(b)+
∫
E(t)

qβ|b∧t | dν(b),

where t0 = 0, t1, . . . , t|t | = t are the vertices forming the geodesic from 0 to t .
Thus

∫
�

qβ|b∧t | dν(b) �
|t |−1∑
j=0

∫
E(tj )

qβj dν(b)+ qβ|t |ν(E(t))

�
|t |−1∑
j=0

qβjq−γj + qβ|t |q−γ |t |

� cq(β−γ )|t |,

proving the claim. Consider a positive integer N such that, for TN = {t ∈ T : |t| �
N}, we have

∑
t∈ TN

f p(t)q−γ |t | <
δ

2c
‖ν‖, (10)

where c is as in (9). By the Monotone Convergence Theorem,
∫
�

∑
TN

qβ|b∧t |f p(t)q−β|t | dν(b) =
∑
TN

∫
�

qβ|b∧t |f p(t)q−β|t | dν(b)

� c
∑
TN

q(β−γ )|t |f p(t)q−β|t | (by (9))

= c
∑
TN

q−γ |t |f p(t)

<
δ

2
‖ν‖.

On the other hand, if we consider any b in Ap,β,δ, there exists j greater than N
such that∑

 (bj )

f p(t)q−β(|t |−|b∧t |) > δ
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and so∑
TN

qβ|b∧t |f p(t)q−β|t | �
∑
 (bj )

f p(t)q−β(|t |−|b∧t |) > δ.

Integrating both sides with respect to ν, we get the obvious contradiction that
‖ν‖δ < ‖ν‖(δ/2). This completes the proof that Hγ (Ap,β,δ) = 0. If we now define

Ap,β =
{
b ∈ � : lim sup

i→∞

∑
 (bi )

f p(t)q−β(|t |−|b∧t |) > 0

}
,

we deduce that Hγ (Ap,β) = 0. A fortiori, it follows that Hτγ (Ap,β) = 0.
Step 4. Let A be defined by

A =
{
b ∈ � : lim sup

i→∞
qi

∑
t∈ (bi)

f (t)q−|t | > 0

}
.

We now show that A is a subset of Ap,β for any β strictly between γ and 1.
Assume that b is not an element of Ap,β . Note that if p′ = p/(p − 1) is the

index conjugate to p, then, since β < 1, (1 −β/p)p′ > 1. Applying Lemma 4 and
observing |b ∧ t| � i for t ∈  (bi), we have

qi
∑
 (bi)

f (t)q−|t |

= qi
∑
 (bi)

[
q−|t |q− β

p (|b∧t |−|t |)][
f (t)q

β
p (|b∧t |−|t |)]

� qi(1− β
p )

(∑
 (bi)

q
−(1− β

p )|t |p′
)1/p′(∑

 (bi)

f p(t)qβ(|b∧t |−|t |)
)1/p

� cqi(1− β
p )

(
q

−(1− β
p )ip

′)1/p′
(∑
 (bi)

f p(t)qβ(|b∧t |−|t |)
)1/p

.

When i → ∞, by the definition of Ap,β , the right side tends to 0 and therefore b is
not an element of A.

Step 5. We now proceed to complete the proof of the theorem. We shall show
that if b is not an element of A ∪ Bτγ , then Gf (s) tends to zero as s → b within
the indicated approach region. Fix such a b. We consider s in the region �τ,a(b).
Let ε > 0. We shall first use the fact that b is not in A to show that we can establish
a range of s close enough to b so that the contribution

∑
t∈( (b∧s))c G(s, t)f (t) to

Gf (s) can be made< cε. Since b is not in A, we can choose an integer i0 such that

Ci0 = sup
j�i0

qj
∑
 (bj )

f (t)q−|t | < ε.
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By virtue of Lemma 3, for all s close enough to b,∑
t∈( (bi0 ))c

G(s, t)f (t) < ε.

We also have
|b∧s|−1∑
j=i0

∑
t∈ (bj )

G(s, t)f (t) � c

|b∧s|−1∑
j=i0

∑
t∈ (bj )

q2j−|s|q−|t |f (t)

= c

|b∧s|−1∑
j=i0

(qj−|s|)
∑
t∈ (bj )

qj q−|t |f (t)

� cCi0q
|b∧s|−|s|

� cCi0

< cε.

This is true for all s sufficiently close to b whether s is in �τ,a(b) or not. We have
shown

∑
t∈( (b∧s))c G(s, t)f (t) < cε for all s close enough to b.

Now we consider the contribution
∑
 (b∧s) G(s, t)f (t) for all s ∈ �τ,a(b).

We split this sum over T2,T3 and T4 as in Section 3. In order to apply Hölder’s
inequality we rewrite

G(s, t)f (t) = q

q − 1

G(s, t)

G(0, t)
q

−|t |(1− γ
p
)
f (t)q

− γ
p

|t |
. (11)

Consider the summation over T2. Denoting the geodesic from b ∧ s to s by
[s0, . . . , s|s|−|b∧s|], putting n = |s| − |b ∧ s| − 1, and using Lemma 4, we note

∑
T2

(
G(s, t)

G(0, t)

)p′

q
−p′ |t |(1− γ

p
) =

n∑
j=1

∑
 (sj )

q([2(|b∧s|+j)]−|s|)p′
q

−p′ |t |(1− γ
p
)

� c

n∑
j=1

q([2(|b∧s|+j)]−|s|)p′
q

−p′(1− γ
p
)[|b∧s|+j ]

= c

n∑
j=1

q
p′ [(1+ γ

p )|b∧s|−|s|+(1+ γ
p )j ]

� cq
p′ [(1+ γ

p )|b∧s|−|s|+(1+ γ
p )(|s|−|b∧s|)]

= cq
γ
p p

′|s|
.

Hence, since s ∈ �τ,a(b), we have by Hölder’s inequality and (11) that the contri-
bution to Gf (s) from T2 satisfies

∑
T2

G(s, t)f (t) � c

(
qγ |s| ∑

t∈T2

f p(t)q−γ |t |
)1/p
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� c

(
qτγ |b∧s| ∑

 (b∧s)
f p(t)q−γ |t |

)1/p

and this tends to 0 as s → b since b is not in Bτγ .
Let us now consider the contribution to Gf (s) from summing over t ∈ T3. We

have

∑
T3

(
G(s, t)

G(0, t)

)p′

q
−p′ |t |(1− γ

p ) =
∑
t∈ (s)

q |s|p′
q

−p′ |t |(1− γ
p )

� cq |s|p′
q

−(1− γ
p
)p′|s|

= cq
γ
p
p′|s|
.

As in the summation over T2, we deduce the contribution to Gf (s) from t ∈ T3

goes to zero as s → b, s ∈ �τ,a(b).
Lastly, consider the contribution to Gf (s) from t ∈ T4. Again

∑
T4

(
G(s, t)

G(0, t)

)p′

q
−p′ |t |(1− γ

p
) �

∑
 (b∧s)

q(2|b∧s|−|s|)p′
q

−p′|t |(1− γ
p
)

= cq(2|b∧s|−|s|)p′
q

−p′(1− γ
p
)|b∧s|

� cq
γ
p |s|p′

.

Exactly as shown above, the contribution to Gf (s) from t ∈ T4 tends to zero as
s → b and s ∈ �τ,a(b). We have clearly demonstrated that lim�τ,a(b)�s→b Gf (s)
= 0 if b is not an element of A∪Bτγ . Since by Steps 2, 3, and 4 we have Hτγ (A∪
Bτγ ) = 0, the proof is complete. ✷
5. Converse Results

We now show that we cannot improve on the exceptional set in Theorem 1.

THEOREM 2. Let 0 < γ � 1, 1 � τ � 1/γ , p � 1, and supposeHτγ (E) = 0.

(A) Then there exists a function f on T such that
∑
t∈T f (t)q

−γ |t | < ∞ and
lim sup�τ (b)�s→b Gf (s) = ∞ for every b ∈ E.

(B) If in addition γ < 1 and E is compact, then there exists a function f on T
such that ‖f ‖∞ � 1,

∑
t∈T f

p(t)q−γ |t | < ∞ and lim inf�τ (b)�s→b Gf (s) <
lim sup�τ (b)�s→b Gf (s) for every b ∈ E.

Proof. (A) There exists {t i,j } ⊂ T such that for each positive integer j , E ⊂⋃
i E(t

i,j ); {E(tij )}i is a disjoint family; for each i, |t i,j | > j ; and
∑
i q

−τγ |t i,j | <
2−j . For each i and j , let si,j ∈  {t i,j } such that |si,j | = [τ |t i,j |] ([. . .] de-
notes the greatest integer function). Define f on T by f (si,j ) = j and 0 oth-
erwise. Let b ∈ E. For each positive integer j there exists i(j) such that b ∈
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E(ti(j),j ) and hence si(j),j ∈ �τ(b), |si(j),j | > j and f (si(j),j ) = j . It follows that
lim sup�τ (b)�s→b Gf (s) = ∞. Finally∑

t∈T

f (t)q−γ |t | =
∑
j

∑
i

jq−γ |si,j |

�
∑
j

qγ j
∑
i

q−τγ |t i,j |

�
∑
j

qγ j2−j <∞.

(B) For each positive integer j we shall inductively define a positive integer
i(j), vertices t i,j , si,j , and function values f (si,j ) for each i from 1 to i(j). First
take j = 1. Since E is compact and Hτγ (E) = 0, there exists a finite set of
vertices t1,1, t2,1, . . . , t i(1),1 such that, if i �= i′ then E(ti,1) ∩ E(ti′,1) = ∅, E ⊂⋃i(1)
i=1 E(t

i,1), and
∑i(1)
i=1 q

−γ τ |t i,1| < 2−1. For each t i,1, let si,1 be any vertex in
 (ti,1) such that |si,1| = [τ |t i,1|]. Define f (si,1) = 0. Now suppose that, for some
j � 1 we have chosen i(j), t i,j , si,j , and f (si,j ) for each i � i(j). There exists
a finite set of vertices t1,j+1, t2,j+1, . . . , t i(j+1),j+1 such that (1) if i �= i′ then
E(ti,j+1) ∩ E(ti′,j+1) = ∅; (2) E ⊂ ⋃i(j+1)

i=1 E(ti,j+1); (3)
∑i(j+1)
i=1 q−γ τ |t i,j+1 | <

2−(j+1); (4) for each i = 1, . . . , i(j + 1), |t i,j+1| � (1 − γ )−1 max{|tm,k|, k �
j,m � i(k)}; and (5) for all s such that |s| � min{|t i,j+1| : i � i(j + 1)}, the
potential at s due to the values of f (sm,k), k � j,m � i(k) is at most 1/16.
Lemma 3 allows us to arrange for property (5). For each i from 1 to i(j + 1), let
si,j+1 be any vertex in (ti,j+1) such that |si,j+1| = [τ |t i,j+1|]. Define f (si,j+1) to
be 0 if j is even and 3/16 if j is odd.

Fix j so that j is odd, 2j � 16q2/(q − 1), and let i � i(j). Then

Gf (si,j ) �
j−1∑
m=1

i(m)∑
k=1

G(si,j , sk,m)f (sk,m)+
∞∑

m=j+1

i(m)∑
k=1

G(si,j , sk,m). (12)

We estimate each term in (12) separately. For the first term we have

j−1∑
m=1

i(m)∑
k=1

G(si,j , sk,m)f (sk,m) � 1

16
(13)

by property (5) in the previous paragraph. Note that for m � j + 1 and k � i(m)
we have by property (4) above that |tk,m| � (1 − γ )−1|t i,j | so that |tk,m| − |t i,j | �
γ |tk,m|. Thus, for the second term in (12) we have

∞∑
m=j+1

i(m)∑
k=1

G(si,j , sk,m) = q

q − 1

∞∑
m=j+1

i(m)∑
k=1

G(si,j , sk,m)

G(0, sk,m)
q−|sk,m|

= q

q − 1

∞∑
m=j+1

i(m)∑
k=1

q2|si,j∧sk,m|−|si,j |q−|sk,m|
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� q

q − 1

∞∑
m=j+1

i(m)∑
k=1

q |si,j |−|sk,m|

� q

q − 1

∞∑
m=j+1

k(m)∑
k=1

q−τ (|t k,m|−|t i,j |)+1

� q2

q − 1

∞∑
m=j+1

i(m)∑
k=1

q−τγ |t k,m|

� q2

q − 1

∞∑
m=j+1

2−m

= q2

q − 1
2−j

� 1

16
. (14)

It follows from (13) and (14) that if j is odd and larger than log2 (16q2/(q − 1)),
we have

Gf (si,j ) � 2

16
. (15)

On the other hand, if j is even,

Gf (si,j ) � q

q − 1
f (si,j ) >

3

16
. (16)

Let b ∈ E. For all j arbitrarily large, there exists i � i(j) such that b ∈ E(ti,j ),
hence si,j ∈ �τ(b). By (15) and (16) we have

lim inf
�τ (b)�t→b

Gf (t) � 2

16
<

3

16
� lim sup
�τ (b)�t→b

Gf (t).

Finally,

∑
t∈T

f p(t)q−γ |t | �
∞∑
j=1

i(j)∑
i=1

q−γ |si,j |

� c

∞∑
j=1

i(j)∑
i=1

q−τγ |t i,j |

� c

∞∑
j=1

2−j

< ∞. ✷
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The next result shows that the degree of tangency in Theorem 1 cannot be increased
beyond 1/γ .

THEOREM 3. Let 0 < γ � 1, p � 1, and let τ > 1/γ .

(A) Then there is a potential Gf such that
∑
t∈T f (t)q

−γ |t | < ∞ and
lim sup�τ (b)�s→b Gf (s) = ∞ for every b ∈ �.

(B) If in addition γ < 1, then there is a potential Gf such that ‖f ‖∞ � 1,∑
t∈T f

p(t)q−γ |t | <∞, and lim inf�τ (b)�s→b Gf (s) < lim sup�τ (b)�s→b Gf (s)
for every b ∈ �.

Proof. (A) For each positive integer i, let t1,j , t2,j , . . . , be the (q + 1)qj−1

vertices of modulus j . For each such vertex t i,j , pick a vertex si,j ∈  {t i,j } such
that |si,j | = [τ |t i,j |] = [τj ]. Let f (s) be j if s = si,j and 0 otherwise. Clearly the
lim sup of f (s) is ∞ at every b ∈ � if approach is in�τ(b) and therefore the same
is true of the lim sup of Gf (s). Also

∑
t∈T

f (t)q−γ |t | =
∑
i,j

f (si,j )q−γ |si,j |

�
∑
j

jq−γ (jτ−1)(q + 1)qj−1

� c
∑
j

jq−(τγ−1)j

< ∞.
(B) Let {dj } be an increasing sequence of positive integers. We shall soon

impose some restrictions on this sequence. For each j , let t1,dj , t2,dj , . . . , be the
(q + 1)qdj−1 vertices of modulus dj . For each such vertex t i,dj , pick a vertex
si,dj ∈  {t i,dj } such that |si,dj | = [τ |t i,dj |] = [τdj ]. Define f (si,dj ) to be 0 if
j is odd and 3/16 if j is even. We assume that the sequence {dj } is chosen so that
(1) for each j , dj+1 � 2(1 + τdj )/(τ − 1), and (2) for all j ∈ Z

+ and all s such
that |s| � dj+1, the potential at s due to all the values of f (si,dk ) for k � j and
i � (q + 1)qdk−1 is at most 1/16. This is possible by Lemma 3.

Fix j so that j is odd and
∑∞
m=j+1

q+1
q−1q

− τ−1
2 dm < 1/16. Then

Gf (si,dj ) �
j−1∑
m=1

k(m)∑
k=1

G(si,dj , sk,dm)f (sk,dm)+
∞∑

m=j+1

k(m)∑
k=1

G(si,dj , sk,dm), (17)

where k(m) = (q + 1)qdm−1. By property (2) of the previous paragraph, the first
term in (17) is at most 1/16. A simple calculation and property (1) shows that if
m � j + 1,

dm − (τdm − 1 − τdj ) � −τ − 1

2
dm. (18)
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The second term in (17) thus satisfies

∞∑
m=j+1

k(m)∑
k=1

G(si,dj , sk,dm) = q

q − 1

∞∑
m=j+1

k(m)∑
k=1

q−d(si,dj ,sk,dm)

� q

q − 1

∞∑
m=j+1

k(m)∑
k=1

q−(|sk,dm |−|si,dj |)

� q(q + 1)

q − 1

∞∑
m=j+1

qdm−1q−(τdm−1−τdj )

� q + 1

q − 1

∞∑
m=j+1

q− τ−1
2 dm (by 18)

<
1

16
.

We deduce that for all b ∈ �,

lim inf
�τ (b)�t→b

Gf (t) � 2

16
<

3

16
� lim sup
�τ (b)�t→b

Gf (t).

Finally,

∑
t∈T

f p(t)q−γ |t | <
∞∑
j=1

k(j)∑
i=1

q−γ |si,dj |

�
∞∑
j=1

(q + 1)qdj−1q−γ (τdj−1)

=
∞∑
j=1

qγ−1(q + 1)q−(τγ−1)dj

< ∞. ✷
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