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ABSTRACT. Let © be a bounded open subset of R” and A the Euclidean Laplace operator > ; 8% /0z2. Let
B(z) denote the number of eigenvalues less or equal to & with respect to the eigenvalue problem Af = —zf
on 2 with f = 0 on the boundary of Q. A well-known result due to Hermann Weyl gives the asymptotic
formula 8(z) = (27) ™" Bpmn (Q)z/2 + o(2™/2) as © — oo, where B, is the volume of the unit ball in R™
and my () is the volume of Q. In this work, we consider the analogous problem for radial functions in the
discrete setting of the homogeneous isotropic tree T of homogeneity ¢+ 1 (¢ > 2). As the volume of T with
respect to the hyperbolic metric is infinite, we don’t expect and indeed we show that there is no analogous
result for the commonly-used hyperbolic Laplacian on T. We consider instead the eigenvalue problem for
radial functions on T" with respect to the Euclidean Laplacian on T introduced in [6], where the boundary
condition f = 0 means that f converges radially to 0 at co. We prove that S(x) is within 2 of log, V. We
also consider other boundary conditions and pose some open questions.

1. INTRODUCTION

1.1. Some history. In 1900 Lord Rayleigh derived the Rayleigh-Jeans law which gives a formula for the
amount of radiation energy emitted by a blackbody (taken in the shape of a cube C in R?) at a given
frequency. The possible frequencies of the spatial components of the normal modes of the electric field inside
the blackbody are proportional to v/ where z is an eigenvalue of the negative of the Laplacian on the cube,
and the eigenfunctions f are constrained to be 0 on the boundary. Thus Af = —zf in the cube and f =0
on the boundary of the cube, where A = 23:1 0?/0x2. In his derivation, Lord Rayleigh made use of the
equipartition theorem of thermodynamics together with an asymptotic formula he derived for the number of
eigenvalues S(x) less or equal to z for large x, namely

1
B(z) ~ — Volume(C) 2°/2.
672

At low frequencies the Rayleigh-Jeans law works well, but at high frequencies it gives predictions at odds
with the principle of conservation of energy. This problem, known as the ultraviolet catastrophe, led some to
conjecture that the above asymptotic formula for 8(x) was incorrect. However, the formula for 8(x) turned
out to be correct and the problem was really with the equipartition theorem. These issues were resolved
after the introduction of quantum theory by Max Planck. In considering the same problem in different
shaped regions, it was conjectured in 1910 by Sommerfeld and Lorentz that the formula for 5(z) depends on
the geometry of the region only through its volume, not its specific shape. The conjecture was resolved by
Hermann Weyl in 1911 with his formula, known now as Weyl’s law, that for any bounded region 2 in R™,

B(z) ~ (2m) "B, mn(Q) 22 as . — oo,

where B,, is the volume of the unit ball in R and m, () is the volume of 2.

Since then, analogues of Weyl’s law have been studied in many areas of mathematics including number
theory, homogeneous spaces, many classes of manifolds, and on fractals. For connections with physics see
[1], [12], [14]. For proofs in various settings see [17], [18], [7], [9],[13], [16].

In recent years considerable attention has been given to solving classical problems in diverse branches
of analysis on discrete structures. In this paper, we consider analogues of Weyl’s law for radial functions
defined on the vertices of a homogeneous isotropic tree.
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1.2. Preliminaries on trees, motivation, and statement of the problem. Let T denote a homoge-
neous rooted tree of degree ¢ + 1, ¢ > 2. Thus T is an infinite graph in which each vertex of T" has exactly
g + 1 neighbours. If v and u are vertices which are neighbours we write v ~ u, and refer to [v,u] as the edge
from v to u. A geodesic path, is a finite or infinite sequence [vg, v1, v, . ..] of vertices in T such that v; ~ v;11
and v; # v; 49 for each ¢ > 0. Fixing a vertex e which we call the root of T', we view a boundary point w of T
as being an infinite geodesic path w = [e,w1,ws, . ..) starting at the root. Denote the set of boundary points
by OT. If u, v are vertices, we define dp (u,v) = |u—v| to be the number of edges in the geodesic path from u
tov. If v = e, we just write |u|, and call it the modulus of u. Define uAv to be the vertex of greatest modulus
common to the geodesic paths from e to u and from e to v. If w = [e,v1,...) is a boundary point, define
u A w to be v,, where n = max{i : v; is in the geodesic path from e to u}. We define dg(u,v) = ¢~1*"*! and
dg(u,w) = ¢~ 1", Observe that for any vertex v, dg(v,dT) := min{dg(v,w) : w € AT} = ¢~ I*I.

If w and v are vertices, we write u < v if u lies in the geodesic path from e to v. If v # e we denote by v~
the unique neighbour of v with v~ < v.

We can think of T" as being a discrete model for D = {z € C : |z| < 1}, the unit disc in the complex
plane where there is both the hyperbolic and Euclidean geometry. Since dg(u,v) can be arbitrarily large
and both dg(u,v) and dg(u,w) are bounded by 1, we think of dy as measuring hyperbolic distance and dg
as measuring Euclidean distance on T'. Note that for the boundary point w = [e,wy, wa, . ..) the sequence of
vertices wy, converges with respect to the Euclidean distance to w. We say that the convergence is radial.

If we think of the vertices of T as the states of a stochastic process in which the probability of tran-
sition from a vertex v to any one of its neighbours u is p(v,u), where p(v,u) > 0 and >, . p(v,u) = 1,
then the associated Laplace operator for a real-valued function f defined on the vertices is Ay f(v) =
Y un PV, ) f(w) — f(v). In this formula we are averaging f over the boundary of the hyperbolic ball cen-
tered at v of radius 1, which is the smallest nontrivial such ball, and so for this reason we call Ag the
hyperbolic Laplacian. We shall assume throughout that the corresponding random walk is isotropic, that is
p(v,u) = 1/(q+ 1) for all vertices u and v.

The eigenvalue problem on 7" with respect to the negative of the hyperbolic Laplacian is that of finding all
pairs (f, x) where f is a nontrivial function on T satisfying Ay f(v) = —x f(v) for all v € T with the constraint
that lim, o f(wy) = 0 for all w = [e,w;,ws,...) € IT. We consider only the radial eigenfunctions, i.e.
functions f such that f(v) depends only on |v|. Denoting an eigenfunction-eigenvalue pair by (f,z), the
problem becomes

q .
o — — = — > =
(1) fi=0-2)f, pry 1fn+1 + fno1—fn xf, for n>1, nlgi;o fn =0,

q+1
where f, denotes f(v) for |v| = n. Since T is unbounded and so has infinite hyperbolic volume, we do not
expect an analogue of Weyl’s law for —Ap. We next show that this expectation is correct by proving that
the number of eigenvalues in a bounded interval need not be finite.

Theorem 1.1. Let z be a real number. Then x is an eigenvalue with radial eigenfunction {fn}n>0 if and
only if |1 —z| < 1.

Proof. Observe that if (f,x) is an eigenfunction-eigenvalue pair for Ap, then since 1 —z = (2 —z) — 1 it
follows that (g,2 — x) is an eigenfunction-eigenvalue pair for Ag, where g is defined by v — (—=1)I"I f(v).
Thus the eigenvalues are symmetric about x = 1, and so it is enough to prove that z is an eigenvalue if
0 <z <1 and z is not an eigenvalue if x < 0. Thus for the rest of the proof we will assume that = < 1.

It is clear from (1) that if fo = 0, then f,, =0 for all n and so without loss of generality, we may assume
that fo = 1. The characteristic polynomial associated with (1) is gr? — (g + 1)(1 — x)r + 1.

Suppose first that © < 1—-2,/g/(g+1). Then (¢+1)*(1—x)? > 4q, so the roots of the characteristic polyno-

mial are real, distinct, and given by 7, = (ar)(A=o)+ éz+1)2(1_x)2_4q and ry = (gt)(==)= ;Z+1)2(1_$)2_4q.

Note that 179 = 1/q. There are constants A, B such that f, = Ar? 4+ Bry. If z = 0, then , = 1 and

ro =1/q. Thusif x <0,then 7y >l and 0 <re <1/g< 1l,and if 0 < z < 1—%, then both r; and r9

are strictly between 0 and 1. Thus if 0 <z < 1 — %, then f, — 0, and so any such x is an eigenvalue.
Suppose next that x < 0. The initial conditions give

A+B=1and Ary + Bro =1 —x.
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Solving for r1, we get (r;1 —r2)A=1—a —719 > 1—17ry > 0. Thus since A > 0, if z = 0 then f,, - A and
if z < 0 then f,, = co. We’ve thus shown that = is not an eigenvalue if x < 0. This completes the proof in
case x < 1—2,/q/(q+1).

Suppose next that z = 1 — 2va

g+1°
Thus there exist constants A, B such that f,, = (A+ Bn)g~"/2. Since f,, — 0, then 1 — zﬁ is an eigenvalue.

+1
Finally suppose that 1 — % < x < 1. Then the roots of the associated characteristic polynomial are

@+ DA -2) +ivig =@+ D0 =2 _ 1o | _ o
2q ’

Then the roots of the characteristic polynomial are r; = ro = 1/,/g.

r =

2
such that f, = ¢ "/?(Acosnf + Bsinn#), so f, — 0. This shows that any such z is an eigenvalue. O

where cosf = %\%_m) and sinf = —W for 6 € (0,7/2]. Then there exists constants A, B

Recall that the Euclidean and hyperbolic Laplacians on D are related by Agf(2) = (1 — |2]2) 2An f(2).
The factor (1 — |2|?)~2 is essentially the reciprocal square distance of z to the boundary in the unit disk, so
motivated by this, we defined in [6] the Euclidean Laplacian on T' by

Apf) =" Apf(v) = ¢ <q+11 > fw) - f(v)> :
wn~v

Since T is bounded with respect to the Euclidean distance we do expect there to be an analogue of Weyl’s
law with respect to —Apg. Accordingly, in this paper, we study analogues of Weyl’s law on T for radial
eigenfunctions of —Apg. For a radial function f on T" we will denote the value of f at vertices of modulus
n by p,. The equation Agf(v) = —xf(v) becomes #pn+1 + qjllpn—1 — pp = —xq *"p,, n > 1, with
the Laplacian condition at the root being p1 = (1 — z)pg. If po = 0, this together with the above recurrence
relation implies that p, = 0 for all n, and so no radial eigenfunction can have py = 0. Normalizing so that
po = 1 the eigenvalue problem becomes that of finding pairs (f,z) with f a nontrivial radial function on T
given by the sequence {p, }n>0 such that

q 1 —2n
2 —— Pn ——= Pn—1 — Pn — — ny 21,
(2) q+1p+4+q+1p 1= P rq " pp,n
(3) po=1 p =1z, and
(4) pn — 0 as n — oo.

Then our task in formulating Weyl’s law is to come up with an asymptotic formula for 5(z) where the radial
eigenvalue counting function B(x) is defined by :

(5) B(x) := #{y : v is a radial eigenvalue and y < z}.

1.3. Outline of results. We summarize here briefly the organization of the paper. Observe that we can
view each p,, satisfying (2) and (3), but not necessarily (4), as a polynomial of degree n in the indeterminate
x. For any z, we can identify the sequence [po(x), p1(2), ..., pn(2),...] with a radial function f, on T, namely
fz(v) = pjyj (7). Then at every vertex v, f, satisfies the eigenvalue equation Agf,(v) = —zf(v). Thus the
radial eigenvalues whose corresponding eigenfunctions have vanishing radial limits on 9T are precisely those
numbers z for which nlLIr;O pn(z) =0.

In Section 2 we study the coefficients of the polynomials p,(x), and we also show that when viewed as
functions of a complex variable the sequence p,, converges locally uniformly in C to an entire function p...
A natural guess would be that the roots of po, are precisely the eigenvalues of —Ap, and indeed we shall
prove this in Section 4.

In Section 3 we use operator theory to prove that the roots of each p,, are real, positive, and simple and
they have certain monotonicity properties. We also give formulas for the sum and products of the roots of
pn and give some upper and lower bounds for them.

In Section 4 we prove interlacing properties of the roots of pairs p, and p,,. If P is a polynomial of
degree m and @ a polynomial of degree n with m < n, then the roots of P and @ are said to interlace if
each root of P lies between a pair of consecutive roots of () and between any pair of consecutive roots of
@ there is at most one root of P. If {P,},>¢ is a sequence of polynomials in which each P,, has degree n,
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the roots of the family are said to be Stieltjes interlacing if the roots of P, and P, interlace for every pair
m,n with m < n. In [2] it is proved that sequences {P,},>¢ which satisfy certain three-term recurrence
relations automatically have roots which are Stieltjes interlacing. We show that with the proper choice of
parameters and multiplication by a certain function of n, our sequence of polynomials {p, }n>0 fits within
this framework. However for our purposes this is not sufficient. We prove in addition that the roots of our
family of polynomials satisfies strong Stieltjes interlacing, by which we mean that for each p,, and p,,4,, the
smallest n + 1 roots of p,, 4, interlace with the n roots of p,. We deduce from this that the roots of p., are
precisely the radial eigenvalues of —A g with radial eigenfunctions being 0 on 07T

In Section 5 we use results of the previous sections to prove Theorem 5.1 which shows that the eigenvalue
counting function $(x) is at most 2 away from log, /.

In Section 6 we discuss the proof of Favard’s theorem as given in [2]. Favard’s theorem says that whenever
we have a sequence of polynomials {P, },>¢ satisfying a certain three-term recurrence relation, then there
exists a Borel probability measure y on R such that the sequence is orthogonal in the Hilbert space L?(u).
We also discuss Favard’s theorem in the framework of our polynomials {py, },,>0-

Finally, in Section 7 we present some open questions as expressed by several conjectures involving the
polynomials p, (z) and ps all of which have strong numerical evidence for being true. One of the conjectures
says that the roots of p, interlace with the sequence 1, ¢, ¢?,¢>,q¢*,.... We describe some consequences in
case this conjecture is true, including a more elegant formula for the eigenvalue counting function 8(z). We
also study the eigenvalue counting function associated with the eigenvalue problem for —Apg in case the
boundary function is taken to be a nonzero constant. This problem gives rise to other conjectures, and a
few theorems are proved which describe the relation between some of those conjectures.

2. ASSOCIATED POLYNOMIALS p, ()

2.1. The polynomials p,. As we mentioned in the outline of results, we can view each p, satisfying (2)
and (3), but not necessarily (4), as a polynomial of degree n in the indeterminate x. For any x, we can
identify the sequence [po(z), p1(x),...,pn(2),...] with a radial function f, on T, namely f,(v) = pj,|(z).
Then at every vertex v, f, satisfies the eigenvalue equation Ag f,(v) = —z f(v). Thus the radial eigenvalues
whose corresponding eigenfunctions vanish at co are those numbers x for which nhﬁngo pn(z) = 0.

We list a few of these polynomials (calculated using Mathematica):

pU(‘T) =1,
pl(m) =1- z,
pa(z) =1- (q+1)q(31+q2) z+ qt,l a?,
_,_@-D0+g+¢) | @+ -1 > (1+9)° 3
Po(w) =1 sa-1 T Pa-D I
pa(e) =1 @HD@ DA +a+a*+qY) L @+ D@ -D0+a+6"+7) 2
q7 (g —-1)
_ @+’ 0+a)0+¢Y) 5 (+9)° 4
q15 q15 ’
ps(a) =1 (@ =DA+a+a@++¢")  (a+ D@+ D@ - D0+a++3¢" +¢°) -
(g —1) q*%(q—1)
_ D@ =D +a+a’+7+4) 5 @+ D@0 =1 4 (149" 5
?'(g—1) q*(q—1) q* ’
_,_ @+D@-D+g+e") (@ -DE =D -DA-¢"+¢°)
po(z) =1 g (g—1) - (g —1)
(149’040 +d)(0+¢" - +4) (@ = 1) 3
?"(g—1)
L+ =D+ g+ e+ +q" 44" 4 g+ DU -1 5 (14+9)° o
q*(q—1) q*(q—1) g3 '

Using Excel and the recurrence relation in (2), it is a simple matter to calculate several terms of the sequence
{pn ()} for specific choices of ¢ and z. Such calculations suggested the following statements to be proved later.
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® poo(x) = nh—EI;o pn(z) exists and is finite for all x;

e if z < 0 then pe(x) < 0 and decreases as x decreases;
e if x > 0 then po(x) alternates infinitely often between negative and positive values as z increases to co.

In fact we will show shortly that the convergence of p,, to po is locally uniform on C.

From now on we shall denote the roots of p, by zn x,k =1,...,n, listed in increasing order. This is justified by
Theorem 3.1 and Theorem 3.3(iii), where we prove that the roots are real, positive, and simple.

We calculated the roots of p,(z) in case ¢ = 2 for the first few values of n using Mathematica. The results
(rounded) are as follows:

Tnkr |k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=8 k=9 k=10

n=1 1

n=2 | 0.607 4.39

n=3 | 0487 3.42 17.09

n=4 | 0438 3.088 13.11 68.4

n=>5 | 0417 2946 11.77 5242 274

n==6 | 0407 2.880 11.194 47.0 210 1094

n=7 | 0402 2847 10.93 44.7 188 839 4375

n=238 | 0.399 2.832 10.80 43.7 179 753 3355 17501

n=9 | 0398 2824 10.74 43.2 175 716 3010 13,418 70,005

n=101] 0.397 2.820 10.71 42.9 173 699 2864 12,040 53,674 280,019

Calculations with different values of ¢ > 2 indicate that except for z1,1 = 1, all the roots are increasing functions of
q. We are particularly interested in knowing this for the smallest roots, and in Theorem 3.2 we prove that this is
indeed the case.

For ¢ = 2, using Mathematica, we have also found the approximate values of the first few roots of po(z) by
considering pn(x) for n large enough that the values stabilize, and observing the first several occurrences in z of
transitions from positive to negative or from negative to positive values as x increases. The results are

Took :© 0.39683 2.816014 10.676 42.66 170.66 682.66 2730.6666
This calculation suggests that the entries in each column of the above table of roots decrease with n and their limits

are the eigenvalues. We shall prove that this is indeed the case.

2.2. Some formulas for the coefficients of p,(z). Let p, i denote the coefficient of zF in pn(x). Obviously
Pn,k = 0 for £ > n and p1,1 = —1. The following two theorems give the remaining entries of the lower triangular
matrix {pn,k} which we can identify explicitly.

Theorem 2.1. (1) pn,o =pn(0) =1 for every n > 0.
N —q+1  ¢<+1 q o
il) pni = — + q = — q ,n> 1.
) G- Tg-nt G-
(¢g+n

(iil) pn,n = (*U"W» nz=l

() P = (1) 57 oyt D (2D s,

qn2—1 = qn2—1 -1
() prnn = (L1yr @D @D (1 +ZZ L)
’ 4 2(q3_ 1)qn 2 1
TN C D i C i 1)(q" +q —a-1 o,
(¢=1)* g~ T

Proof. (i): Plugging z = 0 in (3) gives po(0) = 1 = p1(0). Then plugging = = 0 into the recurrence relation (2) and
a simple induction shows that p,(0) =1 for all n.

(ii): It follows from (2) that p, x is determined by

(6) qPnt1k + o1k = (@+ 1) pag = —(¢+1) ¢ " pop-1, 1<k<n,

and the conditions p, ; = 0 for k > n, pn,0 =1 for every n > 0, and p1,1 = —1. In particular,
P11+ Pa—11 — (¢4 Vpng = —(g+1) g7

which is a nonhomogeneous linear 2nd order recurrence relation with constant coefficients. The associated homo-
geneous equation has solutions 1 and ¢~", and there is a particular solution of the form Ag~2". Plugging it into
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the equation gives A = —q/(q¢ — 1)?, 80 pnr = €1 + caqg™ "™ — ﬁqun. Putting po,1 = 0 and p1,1 = —1 gives

ci+co=q/(qg—1)* and c1 +c2/q = ﬁ — 1, from which we obtain ¢; = —7((121‘{;1) and co = (Z%)lz, as desired.
Before we prove the remaining formulas, note that for constants A and B, the solution of the recurrence relation

(7) Znt1 = A-B"z,, n > ng,

is given by

(n—mng)(n—ng+1)
2

(8) 2n=A""""B Zngy M > Mo.

(iii): If we replace k by n + 1 in formula (6), we get

+1 _
Pntin+1 = — (%) q 2npn,n7 n > 1.

Applying (7) and (8) with A= —(¢+1)/q, B=q 2, no =1, and z,, = p1,1 = —1 gives result (iii).

(iv): To calculate x,,n,—1 we again use (7) and (8). From (6), if we replace k with n and then x, ,_1 with y,, using
the result of part (iii) we get

+1\ (=1)"(¢g+ 1)1 1\ _on
9) yn+1:<qq >( )q(7?271) _<q-;— )qun,nZI, y1 =1

Letting y" denote the general solution of the associated homogeneous problem obtained by ignoring the first term on
the right side of (9), its solution by (7) and (8), is

_1\n—1 n—1
S (ED g )

qn2_1 )

for some constant ¢. Observe that (9) can now be written as

1/qg+1 +1\ _an
" o= L () (1),

q q

h
Also note that 2%t — _ <m

h q

Yn

) ¢ *". We now look for a particular solution y% of (10) of the form

yn =y g(n) = (_1)n;n(2qj DA

for some nonconstant function g(n). Plugging this into (10) and then dividing by — (%1) yhg™2" gives

(11) gn+1) =¢"" + g(n).

We look for solutions of this of the form g(n) = Ag*". Plugging this into (11) gives A = 1/(¢> — 1), so g(n) =
7" /(¢ = 1). Thus y% = yrq*"/(¢> — 1). Finally,
e

N q2n
Prnn—1 =Yn =Yp +Yp = qnz_l (c+q271>’

and using p1,0 = 1, gives ¢ = —1/(¢*> — 1), and so

(—1)" " (g + )" (q2: —11) |
o

Pnn—1 = q”271

which proves (iv).
The formula in (v) is proved by induction on n. For n = 2, the right side is

(=1)*(¢+1)""(g—1)(g+1)
(g—1)¢°

For the inductive step, let n > 2 and assume the formula holds for n. We rewrite (6) as

=1= Pn,o-

(12) QTni1n—1+ (@ +1)q " Tpn—2 = (¢ + DTnn-1 — Tn-1,n—1.
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The result will follow if we can confirm that both sides come out the same if we replace the first term on the left side
with the desired formula and apply the inductive hypothesis to the second term on the left side. First we deal with
the right side. Applying formulas (iii) and (iv) of the theorem, the right side becomes

D" Mg+ D¢ =) (D" Mg+ D"

(13) RHS = - (g2 —1) B qn—1g—2n+1
_ D" (gD 1) 2
qn2—1 @2 -1
_ (_1)n71(q+ 1)n72 q2n+1 +q2n71 —q- 1
gt q—1 '

Next, working on the left side of (12) gives
q(il)nfl(q + 1)n72(q2(n+1)73 _ 1)(1 + Z::l q2k71)

LHS = (q _ 1) (n+1)274
+( ) (q+ )n 2 —2n(q2n—3 )(1+Zn 1 2k: 1)
(q—1)gn*—+
_ (q+ 1)n_2 (_1)n+1(q2n—1 _ 1) (1 + ZZ 11(]2]@ 1 +q2n—1) + (_1)n(q2n—3 )(1 + Zn 1 2k 1)
(g —1)gn*+2n—4
-1 nH 1 "2 = — n— n— n— n—
_ ((ql 1)((]?12‘:22_4 (1+Zq2k ) (@ o 1= @ D)+ (@ - 1)
-1 n+1 + 1 n—2 e e
_((q)_l)((]aq12+27374 BN CaERY 1+Zq2k Y@ -
—_1)ntt 1)~ 5 n—1 ~ .
_( ()q_l(;lq:L)l [q _1+Z 2k+1 Z 21 2 +1_q2]
k=1
-1 n+1 + 1 n— " n
in agreement with (13). This completes the proof. a
Theorem 2.2. The following formula holds:
s — (¢ + 1) _ @+ .
T (@-DMe+ DA +ag+2¢7 + ¢ +4q)  (@—1)%(¢* - 1)
Q(qB + 1) q—2n _ q2(q2 + 1) q—3n + q4 q—4n.
(¢—1D*g+1) (¢—1)3¢* -1 (g—=1)3%q*+1)(¢* - 1)

In order to prove this theorem we make use of the following lemma.

Lemma 2.1. For each k there exist Ako, Ak,1,-..,Ar 2k depending only on q and k such that
2k

A
(14) Pn,k = Z qf J

Jj=0

Proof. We prove (14) by induction on k. By Theorem 2.1(ii) the result holds for k = 1. Now let £ > 2 and assume
(14) holds for k — 1. Then we have

2(k—1)
—2n Agp—_1,5
@Pusr + pomrs = @+ Dpue = =@+ g "psmr = =(a+1) D T

Jj=0

where the last equality follows from the inductive hypothesis. Letting y» := pn,x, this becomes

26-1)
k—1,j
(15) QYnt1 +Yn—1— (@ + Dyn = —(g+1) Y q(H_Q)i-

=0

This is a second order nonhomogeneous linear recurrence relation with constant coefficients. The general solution of
the corresponding homogeneous equation is ¢1 + c2/g™. A simple substitution shows that a particular solution of the
equation

QYnt1 + Yn-1 — (@ + Vyn = — (¢ + 1) Ap_1 54~ 9"
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is
¢ (=D + DAy (420
(¢7+2 — q)(¢r+2 — 1)

By summing all of these particular solutions with the solution of the homogeneous equation we get that the general
solution of equation (15) can be written in the form

Yn =

2(k—1)

c2 (=D + D A1y (rom 7 q+1)Ak 1,j=2 _jn
Yn = C1 + — + = q = _|_ B q )
" s @ -g@T 1) JZQ (@@ —q)(¢ — 1)
Then
; I(-1 1Ap_ 1
(16) %1 where A = D@+ DAe1g-2 o o5 g

(¢ —9)(¢ - 1)

Note that the quantities Ay ;’s do not depend on n. Finally, from (16), we get

A A
yankO‘F qk1+z k’]

where Ay, is the choice of ¢1 and Ag,1 the choice of ¢z such that that y, satisfies the initial conditions yx—1 = 0,
k k—1

Yk = Pk, = % (by Theorem 2.1(iii)). The result is
q

_ j k k—1 —k2+2
Ak,o—q_1<2Ak,Jq] @ -+ (=D e+ g )

_ jk j k+1 k—1 k 1—k?
Ak,l—q_l( ZAk,]qq D+ (DT g+ D)7 g )

This completes the proof. O

Proof of Theorem 2.2. Applying Lemma 2.1 with k = 2 we see that p, 2 can be written in the form

A
_ 2,9
Jj=0
Using explicit formulas for p2 2, . . ., ps,2 (which we can read off directly from the formulas we provided for p2(z), ..., ps(x)),

we get the following linear equations for Az o, A21, A2,2, A2,3, A2 4:

1 ¢? ¢* ¢°% ¢° Az Pp2.2
1 q73 q76 q79 q712 A2’1 p372
1 ¢* ¢® ¢ ¢g'° Az o =| ps2 |,
1 q75 qflO q715 q720 A273 p5’2
1 q—G q—12 q—lS q—24 A2’4 p6,2

where for the right side we use the following values:

q+1
P22 =5
D3a = (¢+ D@ —1)
’ 7*(g—1)
s = (@+1)(@ -1 +a+¢ +¢°
’ q'*(¢—1) ’
—_— (@+ D@+ -1 +g+q¢” +4q" +¢%
q1%(q — 1) ’
poa= @ =DE@ =D =D =¢" +4°)
’ 1

Solving this system for Az, ..., A2 using Mathematica and plugging the solutions into (17) yields the result. O
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2.3. Convergence of {p,}n>o to the entire function p..

Theorem 2.3. For z € C, let pn, = pn(z) be the sequence of polynomials determined by the recurrence relation in (2)
and the initial conditions in (3). Let rn = pp — pn—1,n > 1.

(i) The sequence pn(z) converges locally uniformly in C to an entire function peo(z).
(ii) The sequence q"ry is locally uniformly bounded.
(iii) The roots of poo, i.€. the radial eigenvalues of —Ag, are necessarily real and positive.

Proof. To obtain (i) we begin with a proof of the preliminary result that for any bounded open subset U of C and
every z € U, there exists A € R depending only on U and g such that

(18) Irn] < Ag"™? foralln > 1 and z € U.

This will later be used to obtain (ii), a stronger result. The sequence {r,}n=; satisfies

(19) qrp1 =1 =—2(q+1)q > "pp and pp =1+ 711+ 12+ - + 7.
To prove (18), choose ng such that

1 _ _ —
v+ 2| (%)73"0 'M=7)' <1forall zeU,
where 7 = ¢~'/2. Then define A = 1 + max{|r,|y™™ : n < no}. We will prove by strong induction that (18) holds

with this choice of A. By definition of A the inequality in (18) holds for all n < mg. Let n > mo and assume the
inequality holds for 1,2,...,n. Then

n 1 —2n
= %—z(%)q LA+ )

Tn

+1\ _op
<=+ 2] (qT)q LA ]+ )

SA(’Y BRRaEl (%)74 L+ 4ty )

<A ('y"+2 + 2] (%) (- ’Y)_l)
n F1\ s _
= Ay (7+|z| (Lq )’YS H1—7) 1)

S R G F (B

This completes the proof of (18).

Thus the sequence {r,(z)}n=; is absolutely summable, and the tail end can be made arbitarily small uniformly
for all z € U. Since p, = 1+ 71 +...7,, it follows that the sequence p, converges uniformly on U. Since each p,, is
a polynomial, the limit function is analytic on U. That this is true for all U implies the limit function p is entire.

To prove (ii) let U C C be open and relatively compact. By part (i) we can choose M € R such that

|z| (%) |pn(2)] < M for allm >0 and z € U.
Tt follows from this and (19) that

Tn -
(20) [rn1] < ‘;’ + Mg,
We show next by induction on n that
n—2
z M —j
(21) |rn|§qL_|1+q—an In>2.
j=0

That it holds for n = 2 is immediate from (20) and that r1 = —z. Assuming the inequality holds for r,, then

n—2 n—1
Tn on _ 1 [ |7 M _ _on 2] M iy
‘Tn+l|§‘7‘+Mq S( > g Mg =4 > a7,
— +1
q g \q" "= A
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completing the proof of (21). Thus by (21) we have

n J —
lg"rn] < q|2|+MZq =q (Isz),
7=0
proving (ii).
To prove (iii) we make use of the following statement of Green’s theorem which is a special case of the version in
([5], Theorem 4.1, page 12):

() X AnfEe@)+ S ()= D)~ g = g 3 () = F g,

|[v|<N 0<|v|<N |v\ N
In the general formula in [5], since T is homogeneous and isotropic, we take a, = 1 and the conductances ¢ to be
1/(¢ +1). We apply this with f = g for f the radial function determined by the sequence {p.(z)}aro and z an
eigenvalue for Ag. Thus pe(z) = 0 and A f(v) = —2 q72‘”‘f(v). For each N, using the fact that f is radial, (22)
becomes

N-1 N-1

—z+ > —2q Pl + Ve + =7 D —plfla+ e =
j=1

1 _
| —1(pN —pn-1) Pyt (g +1)g" !
j=1

q+

Solving for z and replacing each p; — pj—1 with r; gives

—rNpN-1q" 1+Z\7’y|2 g
j=1

1*2']' (q+1) i

Let N — oo in the above display. By part (ii), rng”Y is bounded and by assumption py — 0 as N — oco. Thus the
first term in the numerator goes to 0. We get

er %’
1+Z|J| (q+1) -~

By part (ii) the sum in the numerator converges, and since p;(z) is a bounded sequence, the sum in the denominator
also converges. Thus the eigenvalues are necessarily real and positive. a

3. SOME PROPERTIES OF THE ROOTS OF pi,

We recall from Section 2 that the roots of p,, are denoted by zn 1,...,ZTn, » written in increasing order. That they
are real and positive is shown in Theorem 3.1 below.

3.1. The operator —Ag. Let B, = {v € T : |[v| < n} denote the ball of radius n centered at the root and let H,
denote the set of radial functions on B, which are 0 on the boundary |v| = n. We can identify such functions f with
(n+1)—tuples (fo, f1,..., fn) of real numbers with f, = 0 and we can view Ag as operating on these (n+ 1)—tuples
as follows:

(Aeflo=fi— fo,
@en = (2

1
fk+1+7fk71_fk>71§k§n_l~
qg+1

We use the notation f to denote either the radial function on B,, or the vector in R™*!. Consider the inner product
(-,)E defined on H,, by

(23) (fog)e =Y f)gw)g " '*fgo+< )kagw F.

[v]<n

In Theorem 2.3(iii) we showed that the roots of ps are real and positive. In the following theorem we prove the
analogous result for py,.

Theorem 3.1. The operator —AEg is positive and symmetric with respect to the above inner product on H., and so
its eigenvalues are real and positive.
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Proof. By Green’s theorem as stated in (22), we get

(Apf,g)e =Y ¢ "Apfv)gv) = > Auf(v
[v|<n |lv|<n
1 _

=1 O<%m(f(v) —F)g(0) — (7)) = = 1 ;ﬂf
n—1

= —qJ%l D g+ 1g"  (fe = fro-1)(gr — ge-1) + (g + D) fa-1gn-1¢" "
k=1

(24) == ¢ " (fe = fo-1)(gr — ge-1) = fa-1gn-1q"""
k=1

The last expression is invariant if we interchange f and g, and is negative in case f = g. This completes the proof. [

3.2. Monotonicity properties of the roots of the sequence p,. Since —Ag is a positive symmetric operator,
it is well known that the biggest and smallest eigenvalues are given by

. . _A 9
(25) by = min{(-Bef, fle s € Mol e = 1) = min { SGERIE et e 2 0}
E
—Agf,
(26) b = max{(~Ae S e £ € Mol =1y = { ERELIE et 7e 2 0
E
3], Proposition 6.9). Furthermore, for each 1 < k < n, if V,, ; is the subspace of H, generated by the eigenspaces
, g g
for pn,1,...,%n,k, and W, 1 the subspace generated by the eigenspaces for & k+1,...,Tn,n then
(27) Tnpr1r = min{(=Asf, /)5 f € Ha 0 Vi, ||flle = 13,
(28) Tn,k = maX{<*AEfz f>E cfe€HN W:—,ka HfHE = 1}~

Theorem 3.2. For each n > 1 the smallest root xy,,1 and the biggest root xpn.n of pn are increasing functions of q.

Proof. For any f € H, with || f||z # 0, we have from (24) and (23)

(—Anf, £)=> " '(fx— for1)’ + fai1d" ", and
k=1

n—1
+1 _ _
I£1% = f3 + 4= Zf,? k—fo+kaq + 37 frg Y.
k=1

As a function of ¢ the first of these increases and the second decreases, and so the ratio increases with ¢g. The result
then follows from the expression on the right of (25) and (26). O

Theorem 3.3. Let X denote the lower triangular matriz of eigenvalues, i.e. Xn x = Tn,k for n > k.

(1) In every column of X the sequence of entries on or below the diagonal strictly decreases, i.e. Tn gk > Tnit1k
for alln > k.
(ii) The entries along each subdiagonal of X strictly increase, that is for each j < n fized, Tnj < Tnt1,j+1,
n=12....
(iii) The entries in X along the part of each row on or below the diagonal strictly increase, i.e. Tn gk < Tn,k+1 for
k=1,2,...,n—1.

Proof. (i): We first prove that for any n > 1, p, and p,—1 have no root in common. We do this by induction on n.
It is true for n = 1 since po has no root, and p; has only the root x = 1. Suppose the result is true for some n > 1.
Since we have _3pni1 + qjllpn_1 = (1 — zq *)py, if = is a common root of p, and p,11, then it would also be a
root of p,—1. This contradiction of the hypothesis completes the induction. In particular, since x,  is a root of p,
and Tp41,k 1S & root of pn1, it follows @y i # Tny1,k for every n and k < n. Thus in order to complete the proof of
(i), it suffices to show that z, k > Tni1 k.

Note that for 1 < n < m, to each f = (fo, f1,..., fn) in H, we can associate the vector f— (foy--3 fn,0,...,0)
in Hp, obtained by inserting m — n additional 0’s. Observe that for two such functions f and g, the inner product
(f,9)E is preserved, i.e. (f,g)r = (f,§)&, and so in particular || f| g = || /|lz. The Laplacian A g f possibly introduces
an additional nonzero value in coordinate m + 1 of f, but since fn41 = 0, (Agf, f)E is preserved, i.e. (Aef, f)E

(Aef, f)Ee
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We first prove the result for the first column, i.e. that z,1 > @111 for each n. Let g € H,, such that ||g||g =1
and (—AEgg,9)E = Tn,1. Let g be the element of H,11 obtained from g by setting the (n + 1)st coordinate equal to
0. Then by (25)

Ty = (—Agpg,9)r = (—Arg, §)r > min{(-Asf, g : f € Hnr, || flle =1} = Tny11.

We now prove that ., x > Znt1,6, n > k for a fixed £ > 1. Let fl,fz, .. .,fk be the eigenfunctions of norm 1
in H,, corresponding to xn,1,...,Tn,k, and let fl, e f’“ be the vectors in H,+1 obtained as above by inserting 0 as
the last coordinate. Let g*,...,g" ! be the eigenfunctions in H, .1 corresponding to Tni1,1,...,Znt1,k—1. We claim
that there exist scalars ci,...,ci not all 0 such that clfl 4+ -+ ckfk is orthogonal to each g*,...,¢* !, If there
were such scalars ci, ..., c, then a necessary condition on them would be

k
(29) > il gm)e =0, m=1,2... k-1
j=1
This just says that the vector (c1,...,ck) is in the null space of the (k — 1) X k matrix whose entry in row m column

Jis fj, gm)E. But the rank-nullity theorem for matrices guarantees this null space is nontrivial, so we can choose
c1,...,c, not all 0 so that (29) is satisfied. Since f',..., f* are linearly independent (recall that they are orthogonal

with respect to (-, )g) it follows that ¢; fY4 - -4 cpf* is not the 0 vector. This completes the proof of the claim.
Let f:=cif' 4+ -+ cuffand f:=cif' + - 4 cx f*. By orthogonality, ||f||% = |fllZ = ¢ 4+ -+ ¢} and

[
M=

(—Apf, fle =(-Asf.fle cres(—ARfT, f)E

r,s=1
k
= CrCsxn,7'<fr7 fs>E

1

T,

S
Il

Gl f 1%

[
M=

1

J

k
<ok Y6 = zaillflE
j=1

so by (27) we get (—Anf. e

> =
A
(ii): We make use of (26) and (28) rather than (25) and (27) which we used in the proof of (i). First we prove
Tnyn < Tntint1. Let g € Hy, such that ||g||le = 1 and (—Agg,g9)E = Tn,n. Let § be the element of H,4+1 obtained
from g by setting the (n + 1)st coordinate equal to 0. Then

Tnn = (~Apg, 9)r = (-Agg, ) S max{(-Arf, f)p: [ € Hnt1, || fllE =1} = Zat1,n41.

We next prove that @, < @ni1ks1 for k& < n. Consider the n — k 4+ 1 unit eigenvectors f*, f**1 ..., f™ in
‘Hn corresponding to the eigenvalues Ty i, Tn k+1,- -, Tn,n. Let f’ﬂ e f" be the vectors in H,41 obtained from the
f7’s by inserting 0 as the last coordinate. Let g®*2 ..., g"*! be the n — k eigenfunctions in H,41 corresponding to
Tnt1,k+2, - - -y Tnt1,n+1. As in the proof of the last part of (i), we can prove there exist scalars ck, ck+1, - .., Cn nOt all
0 such that f = ckfk + ck+1f~k+1 s cnf” is orthogonal to each of g*2, ..., ¢g". As before we can show that

Tn,k Z Tn+1,k-

(—Asf, /) =Y Grng > zaillflle,

j=Fk

so by (28) - =
(-Aef, e
1£11%
Finally, we prove the inequalities are strict. For each x > 0, consider the radial function f(z) on 7" whose
component in slot n (starting with n = 0) is p,(z). Then for each n, Agf(z)n = —zf(x),. This says

Tn,k S < Tn+1,k+1-

Pnt1 + 1=1—2¢" *)pn, n>1

q 1
g1 gt 1pn—
If it were true that f(z) had two consecutive 0’s, i.e. pp(z) = 0 = pp41(z), then it would follow by induction that
pr(x) =0 for all 0 < k < n + 1. But this is impossible, since po(z) = 1. It follows that x,n r < Tn41,k+1, for if they
were equal then p,, and p,+1 would have a common root.
(iii): By parts (i) and (ii), we have Zp x < Tn—1,k < Tn, k+1- O
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Remark 3.1. In section 4 below which deals with interlacing properties, we will deduce much stronger monotonicity
properties of the roots z,,  of the p,’s.

3.3. Sum and product of the roots of p,.

Theorem 3.4. The sum and product of the roots xn 1,...,Tnn of pn are given by
n 2n
_a" -1
(30) an,k - q2 1 )
k=1
n n<—1
q
H Tnk = n—1
bt (g+1)
Proof. As usual ,,1,%n,2,...,Zn,n denote the roots of p, listed in increasing order. Thus we can write p,(z) in two
ways:
n n
(31) an,k:rk = Pn,n H(:r - 13n,k)~
k=0 k=1

If we equate the coefficents of 2™ ! on both sides of (31) and then make use of the formulas for p,,» and pn,n—1 given
in Theorem 2.1 we get

,n

ix R ¢ -1
n,k — - 2 .
Pt P ¢ -1
If we instead equate the constant term on both sides of (31), using that pn,o = 1 gives

n n2—
ﬁ In,k = (71) = d ' . O
" e (gD

Corollary 3.1. We have the following bounds on the roots xn1 < - < Tp,n for n > 2:

q 2j—1 _ 4 2j—2

2n—2 .
Tm > and Ty, < ——— , j=1...,n
s q »J q2 -1 q q2 1 q J
In particular the biggest root xn. n satisfies
2n—2 q2 2n—2
qn <$n,n<q2_1qn .
Proof. If we apply equation (30) with two successive values of n and subtract the results we obtain
n—1 2n 2n—2
_ 9 -1 q -1 _ 2n—2
xn,n“";(xn,k_mnfl,k) = q2_1 - q2_1 =4q 5
so, by this and part (i) of Theorem 3.3, we have
n—1
Tn,n = q2n72 + Z(-Tnfl,k - xn,k) > q2n72~
k=1
For j =1,...,n, again applying part (i) of Theorem 3.3, we have
J 25 2
_q -1 q o q 2j—1 O
xn,jéxa‘,a‘<zl‘j,k—q2_1<q2_1—q2_1q :

k=1
4. INTERLACING PROPERTY OF THE ROOTS OF THE SEQUENCE p,

4.1. Stieltjes interlacing and strong Stieltjes interlacing of families of roots. Let p and r be two polynomials,
each with real, simple, and disjoint roots, such that deg(p) > deg(r). We say that the roots of p and r interlace if
each root of r lies between two adjacent roots of p, and there is at most one root of r between any two adjacent roots
of p. For example, it follows from Theorem 3.3 that the roots of p, and p,41 interlace for each n > 0.

Let {r,}nZo be a sequence of polynomials such that for each n, the degree of r,, is n. We say that the roots of the
sequence satisfy Stieltjes interlacing provided for every m and n, the roots of r, and rp, interlace. Looking back
at the table of roots provided in Subsection 2.1, we see that the roots of the sequence {p,} seem to show Stieltjes
interlacing. In the next subsection we describe some work of Beardon [2] that gives a general framework in which
one necessarily has Stieltjes interlacing for a sequence of polynomials satisfying a three-term recurrence formula. We
will also show that after the appropriate change of variables, our polynomials fit that general framework.

However, Stieltjes interlacing is not strong enough for our purposes. For that reason, we introduce the following
kind of interlacing.
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Definition 4.1. Let {r,}s2, be a sequence of polynomials such that for every n, r, has degree n, and roots which
are real and simple. We say that the family of roots satisfies strong Stieltjes interlacing provided for every m and n,
the smallest n + 1 roots of 7,4, interlace with the n roots of r,,.

The table of roots in Subsection 2.1 suggest that the roots of our polynomials p,, satisfy strong Stieltjes interlacing.
We will shortly prove that this is indeed the case.

Remark 4.1. Consider the table whose entry in row n and column k is xyk, i.e. the kth smallest root of p,. We
have already proven in Theorem 3.3 that the entries of each column strictly decrease. Then to say that the roots of
the p,’s satisfy strong Stieltjes interlacing just says that for each column k, the entry zy ; at the top of the column
is strictly less than every entry of the next column. This property is highly nontrivial to prove.

4.2. Beardon results concerning a sequence of polynomials P,(z) satisfying a three-term recurrence
relation. We will make use of some of the results in [2] which we describe here. In this section we’ll use upper case
letters to describe the polynomials in [2] and lower case to describe the analogous polynomials in our paper.

Theorem 4.1. ([2], Theorem 4) Let {an o and {An }aeo be sequences of real numbers such that A, > 0 for all n.
Let {Pn}p2o be a sequence of monic polynomials satisfying the initial conditions Po(z) =1, Pi(x) = x — ao and the
three-term recurrence relation

P7L+1(-T) = (x_an)Pn(-T) —An,1Pn71(1‘), n>1,
Then, given n, there are real polynomials Sz n,S3 n,. .., so that for each m, Sy, » has degree m — 1 and
Smfl,n(x)Pn+m(x) = Sm,n($)Pn+mfl(1‘) + (_l)m)\n e )\n+’m,72Pn(x)-

Furthermore, if Pptm and P, do not have a common root, then the m + n — 1 zeros of the product Spm n ()P (x)
interlace with the n +m roots of Pnym. In particular, if for each i and j it is the case that P; and P;j have no root
in common, then the family of roots of { Py }aro Stieltjes interlace.

Example 4.1. We give an example to show that the general theorem does not imply strong Stieltjes interlacing of the
family of roots. Take ag =2, an =0 forn > 1, and A\, = 1 for every n. The first nine of the resulting polynomials
are as follows:

= —2+ 3z + 62> — 42° — 22" + 2°,
:—1—623—|—691:2—|—8203—5:104—2:105’—}—:1067
=2 — 4z — 122% + 102> + 102* — 62° — 22° + 27,

The estimates of the roots of P1 through Ps, obtained using Mathematica, are as follows:

Py 2

Py | —.4142 2.4142

Py | —1.17 .6889 2.481

Py | —1.4955  —.2197 1.2197  2.4955

Ps | —1.6624  —.7574 .4249 1.49592  2.4989

Ps | —1.7587 —1.0904  —.1492 .8459  1.6528 2.4997

Pr | —1.8192 —1.30801 —.55544  .3072 1.127  1.748  2.49993

Ps | —1.859 —1.45702 —.8472 —.1129 6452 1.321 1.8104 2.49998

Of course, roots of consecutive polynomials interlace. However, there are many places on the table which confirm that
these polynomials do not have strong Stieltjes interlacing of the roots. For example, compare the roots of P> and the
three smallest roots of Ps, or more simply, the smallest root of P3 and the two smallest roots of Ps.



DISTRIBUTION OF EIGENVALUES 15
4.3. Our polynomials p, and the Beardon framework. We show in the following theorem how our polynomials
pn(z) are related to polynomials P, (z) satisfying the Beardon framework.

Theorem 4.2. The sequence of polynomials defined by Pn(x) := cnpn(x), where

1 ifn=0,
Cn = 2
()" Mg+ D' ifn>1,

2
e fn=1
satisfies the conditions of Theorem 4.1 with parameters om = ¢*", and An_1 = {‘flﬂl ; -t Consequently P,
(@rpz  Yn=

and p, have the same roots for all n.

Proof. We have ¢o =1 and ¢1 = —1, and so Py = po = 1, and P, = —p1 = —(1 — z) = « — 1. This gives the correct
initial conditions with aoy = 1. It is easy to check that for n > 1,

3 .
Cntl g>ntt and Sl _ qq? ifn=1,
- = — —_— = 4n .
Cn, qg+1 Cn—1 @‘171)2 ifn>2.

It then follows that for n > 1
2n+1

q+1

3
4_P fn=1
n—1 iIn
P, and cpi1pn-1 = {q+in ’

(q%ril)QPn_l if n 2 2.

Cn4+1Pn = —

Applying these formulas after multiplying by c¢,+1 both sides of the recurrence relation
qg+1 —on 1
Prnt+1 = (7) (1—zq : )Pn — ~Pn-1,
q q

we obtain P,11 = (x — an)Pn — Ap—1Pn_1, as desired. O

4.4. The polynomials Sy, , and sm . In order to show that the roots of our polynomials p,, satisfy strong Stieltjes
interlacing, we will look at Beardon’s construction of the polynomials Sy, » in Theorem 4.1. Fix n and let m > n.
We now show his construction, but instead with our polynomials p,,. We begin with our recurrence relation

+1 _ 1
(32) Pnt1 = (L ) (1—2q7*")pn — = pu_1.

q q

We wish to produce polynomials sk n,tk,n, Uk n, Vk,n for each k > 1 such that
( Dj+1 ) _ ( Sj—nt+l,n  tj—ntin > ( Pn+1 )7 i>n.
Dj Uj—n+1,n Vj—n+1,n Pn

We are only interested in the polynomials s, and wug,,. If we take j = n, the resulting coefficient matrix is the
identity matrix, and so s1,, = 1 and u1,, = 0. Next we make use of the recurrence relation with n = 1 to write

Pnt2 | _ [ S2m ton Prt1 ) _ %(1fxq72(n+1)) —1/q Dyl \ |
Pn+1 U2,n  V2,n Pn 1 0 Pn ’

1 _
So.n = (&> (1—=zq 2("“)) and uz,, = 1.
q

then

If instead we take j =n — 1, we get

( piil ) N ( Bq (q+1)(11* xq~?") ) < p;:l )

which says that sg,, = 0. Our next aim is to produce a recurrence relation for the s ,’s. We have
( Pntm+1 > _ ( Sm41,n  btmtin ) ( Pn+1 )
Pn+m Um+1,n Um+1,n Pn
(1 —wgPT) —1/g Prtm
1 0 pn+m71

= %1(1 o mq*Q(’thm)) 71/(] Sm,n tm,n Prn+1 .
1 0 Um,n  Um,n Pn



16 J. M. COHEN, F. COLONNA, AND D. SINGMAN

We deduce from this that wm+1,n = Sm,n for all m (recall we have already shown that w1, = so,n = 0), and so we

obtain the recurrence relation
1

+1 —om
(33) Smt1n = (qT) (L=yq ™) smm — g STt Son = 0,51, =1,

where y = min" and we view each si , as a function of y.

The above construction is the same as the one in [2] where the author produced polynomials Sy n, Tm,n, Um,n, Vm,n
such that

Pm+n Sm n T’m n Pn+1
34 — , , 7
( ) ( Pm+n—1 ) ( Um,n Vm,n ) ( Pn
the only difference being that he used the recurrence relation for the Py’s given in Theorem 4.1 rather than the one
in (32). We show next the relation between Sy, and S n-

Theorem 4.3. For each m and n, Sm,n and Sm,n have the same roots.

Proof. Recalling Theorem 4.2, we have P, = cppx, so substituting this in (34) we get

Cm+nPm+n — Sm,n Tm,n Cn+1Pn+1
Cm+n—1Pm+n—1 Um,n Vm,n CnPn )
This can be rewritten as

Drtn | 1/cmin 0 Smn  Tmn cny1 O Pr+1
Pm4n—1 o 0 1/Cm-!—n—l Um,n Vm,n 0 Cn Pn
(Cn+1/cm+n)sm,n (Cn/cm+n)Tm,n

-( )(%0)
(Cn+1/Cm+n—1)Um,n (Cn/Cm+n—1)Vm,n Pn

from which we deduce that

Cn+1
Sm,n = Sm,n .
Cm+n

Since ¢ # 0 for all k, it follows s, » and Sp,,», have the same roots. O

4.5. Strong Stieltjes interlacing and a characterization of the eigenvalues. One of the keys to identifying
the eigenvalue counting function is to prove that the family of roots of the polynomials p, satisfy strong Stieltjes
interlacing. Before proving this we have to prove a few preliminary results.

For n fixed, consider the sequence S, := Sm+1,n(y) defined in (33). Notice that s, and p, satisfy the same
recurrence relation, but different initial conditions, namely po = 1 and p1 = 1 — x whereas so = 0 and s;1 = 1. We
show next that the smallest root of s, is an increasing function of q. The proof is similar to that of Theorem 3.2.
The key is to modify the linear space H, on which we work in order to reflect the change of initial conditions.

Lemma 4.1. The smallest and largest roots of sm are increasing functions of q.

Proof. Fix m. Consider the finite sector S := {v € T : v1 < v,|v] < m}, where vy is any fixed vertex of length
1. Then S is a finite complete set of vertices whose boundary consists of the root of 7" together with the vertices
in S of length m. Here we take our linear space to be the set of real-valued radial functions on S which vanish on
its boundary. This space can be identified with the set of sequences (fo, f1,..., fm) where fo = fn, = 0. We view
Apg as mapping the linear space to itself if we define Agf to be 0 at the boundary vertices of S, and when needed
make use of the 0 boundary values of f to define Agf in the usual way at interior vertices of S. We use the inner
product (f, g) := ZOS\v\Sm q72|”|f(v)g(v), and show next that with respect to this inner product, —Ag is positive
and symmetric.

Let f and g be any functions in our linear space. By a special case of the general version of Green’s theorem in
([5], Theorem 4.1, page 12) applied to the region S,

(~Apfgy= Y —aMApfl)gw)= DY —Auf(v)gv)

0<|v|<m 0< |v|<m

1 _ _ _ _
=11 Do W = D@ =g )+ D fT)gw )+ for)g(vr)

q 2<|v|<m—1 |[v|=m,vesS
The last expression is clearly symmetric in f and g, and is a sum of squares in case f = g. This shows —Ag is
positive and symmetric. Because of the recurrence relation (33), the eigenvalues of —Ag on our linear space are the
roots y of s, with corresponding eigenfunction (so(y), $1(y), ..., sm(y)). In particular, if y is the smallest root of sy,
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then v is the minimum of (—=Agf, f)/||f||?, where the minimum is taken over the nonzero vectors in our linear space.
If we replace minimum with maximum, we get the largest root of s,,. Using the fact that f is radial, we get

m—1
(-Apf. f)= ﬁ D (o= fe-1)*d" T+ froid™ P+ f7| and
k=2
m—1 m—1
AP = =D 0 ) =D g " =Y e "R
veS k=1 k=1

We see that || f]|* decreases as q increases; looking at the three terms in the expression for (—Agf, f) the first two
clearly increase as q increases, and the third term f7/(q+1) doesn’t increase with ¢ but it certainly does after division
by ||f]|>. This completes the proof. O

Lemma 4.2. For each m and n, all of the roots of sm n are greater than all of the roots of py.

Proof. We make use of the recurrence relation and initial conditions satisfied by the sequence sy, in (33) where we
view Sm,» as a function of y. Notice that this is the same as the recurrence relation which appears in (2), the only
difference being in the initial conditions. They share some of the same properties, in particular, the smallest root of
the sm,n’s decrease as m increases.

We need a lower bound on the limiting value of the sequence of smallest roots of the s,, »’s. Taking ¢ = 2, for
each specific choice of y we can generate the sequence {si . (y)}r>o0. Starting from y = 0 and gradually increasing v,
we see using Excel that the limiting value of the sequence has its first transition from a positive to a negative value
for y between 2.2 and 2.25. By Lemma 4.1, this transition occurs at a larger value of y when ¢ increases. Thus if 3/’
is any root of s, . for any m, then 3’ > 2.2. Replacing y with y = ¢~ ?" and now viewing Sm. . as being a function
of z, it follows from Corollary 3.1 that

/ 2n

=y > (22) ¢ > > n

q -1
S > Tnon.
- 17 ’ -
Corollary 4.1. For m > 1, if it is the case that p, and pm+n have no root in common, then the first n + 1 roots of
DPm+n interlace with the n roots of py, i.e. for any j from 1 to n, there is a unique root of p, between Tym4n,; and

Tmtn,j+1. Pquivalently, for each j, Tnj < Tm+n,j+1-

Proof. From Theorem 4.2 and Theorem 4.3, the roots of each pr and P are the same, and the roots of each s; and
S) are the same. The interlacing result is then immediate from Lemma 4.2 and Theorem 4.1. The final statement
follows from Theorem 3.3(i). O

We are now ready to prove the main result of this section.
Theorem 4.4. The roots of the polynomials in the sequence {pn}neo satisfy strong Stieltjes interlacing.

Proof. By Corollary 4.1, it remains only to prove that for each m,n > 1, p,, and py+» have no root in common.

We make the observation that by Theorem 3.3(i), if for j < k the j roots of p; interlace with the first j + 1 roots
of pi, then necessarily for any k' with j < k" < k, the first j + 1 roots of pys interlace with the roots of p; and the
first j roots of pys interlace with the first j + 1 roots of py.

At the beginning of the proof of Theorem 3.3(i) we showed that consecutive polynomials p; and p;j+1 have no root
in common. It also follows from Theorem 3.3 that the roots of p; and p;+1 interlace.

We now argue by induction on n. For n = 1, the only root of p; is z1,1 = 1. If it were the case that p,,4+1 had 1 as a
root, then p,,4+2 would not have 1 as a root, and so by Corollary 4.1, the first two roots of p,,+2 interlace with 1, hence
by the above observation so would the first two roots of p;41. Thus by Theorem 3.3, m+1,1 < 1 < Tm+1,2 < Tmt1,5,
j=3,...,m+ 1, contradicting that 1 is a root of p,,+1. Thus the result holds for n = 1.

For the inductive step, let n > 1 and assume the result holds for n. Suppose that it is the case that p,+1 has a
root in common with pm4n+1. We will be done if we are able to deduce a contradiction. By the inductive hypothesis
prn has no root in common with pm4n41 so by Corollary 4.1, the n roots of p, interlace with the first n + 1 roots of
Pm+n+1. By the observation at the beginning of this proof, the first n roots of p,+1 interlace with the first n + 1
roots of Pmin+t1, and so none of those roots of p,+1 can be a root of Py4n+1. Thus the only possible common root
between pp+1 and Pm4n+1 1S Tnt1,n+1. The same argument shows that if there is a common root between p,1 and
Dm+n+2 it must be pni1,nt1. However, pmint+1 and pmin+2 have no root in common, so it follows pn+1 and prmtn+2
have no root in common. Thus by Corollary 4.1, the n+ 1 roots of p,,+1 interlace with the first n+ 2 roots of pm4n+2,
so again using the observation at the beginning of this proof, the n + 1 roots of p,+1 interlace with the first n + 2
roots of pmin+1. In particular Tm4n+1,n+1 < Tnti,n+1 < Tmtn+1,n+2, and so it is impossible for any of the roots of
Tm4n+1 to equal Tpy1,n+1. This contradiction completes the proof. O

Corollary 4.2. Let x := lim x,,,. Then the eigenvalues for the problem (2), (3), (4), i.e. the roots of the entire
n— oo

function pso, are precisely {Ti}req.
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Proof. Since the polynomials p, converge locally uniformly to p~o, it is an easy exercise to show that the sequence
of roots {Tn,k}n>1 converges to a root of po (see [8], Chapter VII, Section 1, Exercise 5). It remains only to prove
that poo doesn’t have any additional roots.

By Theorem 4.4, we have the inequalities 11 < 22 < - < Tp—1 < Tp < ....

For each m, since p, has only simple roots, the graph of |p,| on the interval joining successive roots is concave
down and 0 at the two ends. Thus on any proper subinterval, |p,| takes its minimum at one of the two endpoints.

Now suppose that p.o has a root at a point z between z; and xr+1. Then again by Theorem 4.4, there exists an
interval I centered at z such that for all sufficiently large n none of the p,’s has a root on I. But [ is an interval
lying between two successive roots of p,. By definition we have that |p,(z)| converges to 0 as n — co. Now take
a sequence of intervals I; centered at z which shrink down to z. On each one of those intervals for each n, by the
reasoning above, the value of |p,(z)| is greater or equal to the value of |p,| at one of the two endpoints of I;, so that
implies there is a subsequence of |p,| evaluated at either the left or right endpoint of I; which converges to 0. Thus
Doo must be 0 at one of the endpoints of I;. But that means p., has a set of roots with a limit point, something
which cannot happen since p~ is entire. O

5. THE DISCRETE VERSION OF WEYL’S LAW

Define the sequences {an }n>1 and {bn}n>0 by

m-2 0.22 ifn=0,
an = 5 n = .
? q;—: " ifn> 1.

Then by < a1 < b1 < a2 < by < ..., so to these sequences we can associate a partition of [0, 00).

Theorem 5.1. Let 8 denote the eigenvalue counting function as defined in (5). Then

0 if © < bo,
0orl ifbo<zr<a =1,
Bx)=41or2 ifar =1<z < as,
n—1,n, orn+1 ifap,<z<bp,n>2
norn+1 if b, <x < ant1,n > 2.
Consequently.
(35) |B(z) — log, V| < 2.

Proof. Let {x}r>1 denote the eigenvalues in increasing order. In the proof of Lemma 4.2 we showed that x; lies
between by and 1, so that gives the first two equalities of the theorem. By Corollary 3.1 we have ap < zp,n < by,
n > 2. By Theorems 4.4, £,—1,n—1 < Tn < Tp,n, and so we deduce

an—1 < xn < by forn > 2.

Suppose that 1 < z < as. Since 1 < 2 < b, either < x2 in which case 3(z) = 1, or © > z2 in which case (x)
is at least 2. But x3 > ag, so f(x) must equal 2. Thus S(z) =1 or 2.

Suppose that az < x < be. Since 1 < 1 < ag, B(z) is at least 1. Since 1 < z2 < ba, either z < z2 in which case
B(x) =1 or x > =z in which case f(zx) is at least 2. Since as < z3 < bs, either < z3 in which case f(z) = 2 or
x > x3 in which case B(z) is at least 3. But x4 > a3 > bz, so B(x) is less than 4. Thus in any case 3(z) is 1, 2, or 3.

Suppose that b2 < x < as. Since 1 < 2 < bg, it follows that B(z) is at least 2. Since a2 < x3 < bs, either z < z3
in which case 8(z) = 2, or x > z3 in which case 3(z) is at least 3. But x4 > a4 > b3, so S(z) is less than 4. Thus in
any case 3(z) is 2 or 3.

The general case follows with similar reasoning.

To prove (35), suppose first that a, < « < b,. Then ¢°" 2 < & < qg: ¢°" 2, so taking logs base q and rearranging
gives

log, v/q? — 1 <n710gq\/5§ 1.
Note that the quantity log, v/q? — 1 increases from about 0.792 to 1 as ¢ increases from 2 to co. We also have

1+1log,vV¢>—1<n+1-log,vz <2and —1+log,\/¢>—1<n—1-log, vz <0.

Since () is either n—1,n, or n+1, we have proven (35) in this case. A similar argument shows that if b, < < an+1
then

Ogn—logq\/:?<logq\/q2—1and1§n+1—10gq\/5<1+logq\/q2—1.

In this case S(z) is either n or n + 1, so once again we obtain (35). O
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6. ORTHOGONAL POLYNOMIALS AND FAVARD’S THEOREM

In this section {P,}n>0 denotes the sequence satisfying all of the conditions of the hypotheses of Theorem 4.1,
namely each P, is a polynomial of degree n, Py = 1, P1(z) = 2 — ao, and Prt1(z) = (z — an) Pa(2) — An—1Pa—1(2)
for n > 1, where {an}n>0 and {An}n>0 are real sequences such that A\, > 0 for each n. A theorem of Favard [10],
stated below as Theorem 6.3, asserts that the functions of any such sequence are orthogonal with respect to a certain
Borel probability measure @ on R. Thus by Theorem 4.2 our polynomials {pn }n>0 also satisfy orthogonality relations
with respect to the same p.

The proof of Favard’s theorem which we find the most accessible, is the one in [2]. We highly recommend reading
that paper. See also ([15], Chapter 4.1). Our intention here is to offer some alternative details to the proof of Favard’s
theorem in [2], specifically in order to avoid the use of the Riemann-Stieltjes integral in that proof. And so what
we write here will only be of use to readers who go through the details of Theorem 7 in [2]. We begin with some
background material taken from [2].

Let P denote the set of polynomials with real coefficients. Since P, is a real polynomial of degree n, it follows
that the set of these polynomials forms a basis for 7. Thus any polynomial p can be written uniquely as a linear
combination ZZ:O ¢, P, where n is the degree of p. Define the linear functional ®o on P by ®(p) := co. Note that
in particular, ®o(1) = ®o(Fo) = 1 and Po(Px) =0 for k > 1.

Theorem 6.1. ([2],Theorem 5) For polynomials p,q, define [p,q] := ®o(pq). Then the following hold:

(i) [-,] is an inner product on P;
1 if m=n=0,
(i) [P, Pl = AoMt o Ans if m=n>1,
0 if m#n.

(iii) ®o is a positive linear functional on P, i.e. if p € P with p(z) > 0 for all x € R and p is not identically 0,
then ®o(p) > 0.

The next step is to associate a discrete measure p, to P, for each n > 1. Let Z, := {&nx,k = 1,...,n} denote
the set of roots of P,. For each ¢ from 1 to n let
Loi(z) = ] 22

b
ks Trai T T

namely the unique polynomial of degree n — 1 which is 1 at z,,; and 0 at each of the other n — 1 roots of P,. Note
that Ln1(z) + -+ 4+ Lan(z) = 1.

Theorem 6.2. ([2],Theorem 6) The linear functional ®o satisfies the following:

(i) ®o(Ln,:) >0 for eachn and 1 <i < n.
(ii) For each n and polynomial p of degree at most 2n — 1,

Do(p) = Zp(fﬁn,i)‘I’O(Ln,i)-

Consequently if uy is the discrete measure with support equal to Z, such that un{xn,i} = ®o(Ln,), then pun is a
probability measure and for any polynomials p, q the sum of whose degrees is at most 2n — 1,

/qu dpin = Zp(wn,i)Q(wn,i) w(xn,i) = Po(pq) = [p, q.

We now state the theorem of Favard as given in [2].

Theorem 6.3. Let {P,}n>0 satisfy the conditions stated in Theorem 4.1. Then there is a Borel probability measure
u on R such that each real polynomial p is p-integrable, and for each p,q € P,

/qu dp = [p, q.

In particular / P, P, diu =0 for each m # n.
R

Next some background material on measure theory taken from [4]. A Borel measure p on R will called a sub-
probability measure (s.p.m.) if u(R) < 1. To each such measure we associate its subdistribution function (s.d.f.)
F:R—[0,1], =+ p(—o0,z]. As a result we have for each left open and right closed interval (a, b],

(36) w(a,b] = F(b) — F(a).

The s.d.f. F has the properties that F' is increasing, limg— oo F(m) =0, limy— 00 F(x) <1, and F is right continuous.
Conversely, to any function F satisfying these properties, if we define p on left open right closed intervals by (36),
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then p extends uniquely to a s.p.m. on R, known as a Lebesgue-Stieltjes measure. Since F' is increasing, there are at
most countably many points of discontinuity. An interval (a,b] is called a continuity interval of F (or for u) if both
a and b are points of continuity of F. Thus an interval (a,b] is a continuity interval if and only if both a and b are
not atoms of u, i.e. pf{a} = u{b} =0.

A sequence of s.p.m.’s pu, is said to converge vaguely to the s.p.m. p provided pn(a,b] — p(a,b] for all @ and b in
a dense set of R. The fundamental results concerning vague convergence of which we make use are given in

Theorem 6.4. (i) ([4], Theorem 4.3.1) A sequence un converges vaguely to p if and only if pn(a,b] — u(a,b]
for every continuity interval (a,b).
(ii) ([4],Theorem 4.4.2.) A sequence un converges vaguely to w if and only if for every bounded continuous

function f: R — R, /f(x) dpn () — /f(x) du(z).
R R
(iii) ([4], Exercise 2 of section 4.4) If un converges vaguely to p, then

(37) lim fdun = fdu
7700 Ja,b] [a.b]
for every continuous function f provided (a,b] is a bounded continuity interval.
(iv) ([4], Theorem 4.3.3) Given any sequence i, of s.p.m.’s, there is a subsequence that converges vaguely to an

s.p.m. (.
In the proof of Favard’s theorem in [2], rather than applying Theorem 6.4, the author uses

Theorem 6.5. Suppose that g1, gz, ... are increasing functions from R to [0, 1]. Then there is a subsequence gn, , Gny, - -
which converges pointwise everywhere in R to an increasing function g : R — [0,1], and which is such that, for every
polynomial p, and every compact interval [a,b],

b

b
(38) lim [ pdgn, = / p dg,

n— o0

where these integrals are to be interpreted as Riemann-Stieltjes integrals.

To each of the measures p,, of Theorem 6.2, one associates the distribution function g,. The author then applies
Theorem 6.5 to the resulting sequence to obtain an increasing function g satisfying the conclusions of that theorem.
In order to complete the proof of Favard’s theorem using the tools of measure theory, the integrals need to be
Lebesgue-Stieltjes integrals rather than Riemann-Stieltjes integrals, and so the author replaces g with an appropriate
right continuous function g*.

The approach we suggest here is to make use of Theorem 6.4 including (37) rather than Theorem 6.5 and (38).
Thus we obtain the Lebesgue-Stieltjes measure p as the vague limit of a subsequence of the ., with g the associated
right continuous distribution function of p. The proof as presented in [2] then works essentially as written without
any need to modify g. One change that needs to be made is that the intervals [—k, k], k € Z", which the author
applies to the intervals in (38) should be replaced with intervals [—ay, ax] to which we apply (37), where ay, is chosen
with the properties that ax — oo and ax and —aj are points of continuity of the s.d.f. associated with p. This
completes our discussion of the proof of Favard’s theorem.

Finally, we observe

Theorem 6.6. The measure p associated with the original sequence {pn}n>0, whose existence is guaranteed by
Favard’s theorem, has support equal to the set of roots of peo-

This theorem follows from the fact that u is the vague limit of a subsequence of u, given in Theorem 6.2, the
roots of pe are discrete, and from Corollary 4.2 as well as part (iii) of Theorem 6.4.

7. A FEW CONJECTURES AND THEIR CONSEQUENCES

One of the frustrating aspects of our work here is our inability to come up with proofs of certain properties of the
pr’s and poo which appear to be obviously true based on their graphs or simple numerical calculations. We discuss
several of these in this section. This gives rise to a number of conjectures and a few theorems describing the relations
between some of those conjectures.

7.1. A modified eigenvalue problem. A more general eigenvalue problem than we have so far considered is to
find the eigenvalues of the Euclidean Laplacian on T' corresponding to radial eigenfunctions having boundary values
equal to a fixed constant M, and then to study the associated eigenvalue counting function S (z), defined to be the
number of such eigenvalues less or equal to z. Our results so far have concerned So(z) = S(z). We will refer to this
problem as the modified eigenvalue problem corresponding to M.

Recall that poo denotes the local uniform limit of our sequence of polynomials p,, and the eigenvalues for the
problem with M = 0 are precisely the roots of po,. We have denoted these roots written in increasing order by z,,
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n > 1. Each expression [po(zn), p1(zn),p2(zn),...] determines the sequence of values of the corresponding radial
eigenfunction on T

Calculations suggest certain features of poo(z) for z € [0, 00), namely that for large enough = the roots go up by
factors of approximately ¢2, poo (z) switches sign between every other pair of roots, and the maximum absolute value
on each interval between consecutive roots increases to oco. In short, for large = the graph of po(z) superficially
resembles the graph of f(x) = xsin(wlog, v/z). This suggests that Sar(x) — B(x) is bounded. We formulate as
conjectures each of the above properties which we are unable to prove. The first of these was noted from the
calculation of the first few roots of peo.

Tn4+1 _ 2

Conjecture 1. lim e =q.

n—o0
Conjecture 2. max {|pec(z)] : zn < < Tpy1} — 00 asn N 0.
Conjecture 3. For all M € R, Bu(z) — B(x) = O(1).

Our primary interest in this subsection as well as in two later ones is Conjecture 3. The next theorem shows that
Conjecture 2 gives a sufficient condition for it.

Theorem 7.1. Conjecture 2 = Conjecture 3.

Proof. Since p,(0) =1 for each n and ps(0) = 1, and each of the roots is simple, it follows without any assumption
of Conjecture 2, that

Poo(x) <0 for z € (Tn,ZTnt+1), n odd,
Poo(x) >0 for x € (xn,ZTnt+1), n even,

and for each k > 1,

Prtik(x) >0  for = € (Tn,Tnik,n), n odd,
pntk(z) <0 for z € (Tntkn, Tnt1), n odd,
Pntk(x) <0 for = € (Tn,Tnik,n), N even,

Prntk(x) >0  for = € (Tntk,n,Tnt1), N even.

Recalling that each p, has n roots that are real and simple, we also have that for each n and each interval (zn,;, Zn,j+1)
for 1 < 5 < n, pn, has a unique absolute max or absolute min and the concavity is constant. By Rolle’s theorem,
since p;, has degree n — 1, p}, has a unique root on each such interval. Since {p,} converges locally uniformly to poo,
it follows from Cauchy’s integral formula that {p},} and {p,} converge locally uniformly to p,, and pl,, respectively.
Thus on each interval (z,, Tn+1), if 7 is even, then p. has a unique absolute maximum and pl, < 0, and if n is odd,
then poo has a unique absolute minimum and pZ, > 0.

If we assume that Conjecture 2 holds, then for a fixed M > 0, poo takes the value M exactly twice on (Zn, Zn+1)
for n even, and so each such interval contributes exactly two eigenvalues to the eigenvalue problem corresponding to
M. Thus in this case Sy (x) — fo(z) = O(1). The proof in case M < 0 is similar. O

7.2. Conjecture 4 and a more elegant form for 3(z). As we observed in formulating Conjecture 1, after a while
the roots of peo seem to go up by a factor of ¢°. Rather than use this, we will instead formulate some conjectures
about the interlacing properties of the roots of po and these will lead more naturally to an elegant formula for 8(x).

We begin with some examples of properties of the p,’s which appear to be obviously true based on their graphs
or simple numerical calculations but which we are unable to prove.

Example 7.1. (i) The roots {xn1,...,Tn,n} of pn have the following interlacing properties for n > 2:

Tp1 < Q< T2 <@ <Tpz < <Ton1 <@ < Ton <"t

Ep1 <P <o <@ <Tnz<q < <Tom1 << Ton.
(ii) The roots of each p, written in increasing order are successively farther apart. Consequently the same holds
for peo.
(iii) The mazimum of each |pn| between any of its roots and its successor root is an increasing function of the
roots. Consequently the same holds for peo.

Since the p,’s are defined by means of a homogenous linear recurrence relation, one might expect there to be
simple inductive proofs for at least some of these. The problem is that between successive roots of p, the derivative
ph, can vary enormously, and so very small changes in x can produce great changes in p,(x). Thus inductive proofs
using rough estimates on the terms of the recurrence relation (2) don’t seem to give what we need.

The facts that (ii) holds for ps if it holds for all p,, and (iii) holds for ps if it holds for all p, both follow by a
simple continuity argument.
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At the moment we don’t have proofs for any of (i)-(iii), however, we do show below that (ii) and (iii) are both
consequences of (i). Thus, we formulate (i) as a conjecture which we obtain by combining the two sets of inequalities

in (i):

Conjecture 4. The 100ts {Tn,1,...,Tnn} of Pn have the following interlacing property:
(39) Tn1 <1< qg<xna< << Tn,3 < <’ < T4
<l < q2n—5 < Tnm1 < q2n—4 < q2n—3 < Tnon-

Theorem 7.2. Among the conditions in Example 7.1 the following implications hold: (i) = (ii) = (4i). In
particular, under the assumption of Conjecture 4, both (ii) and (i) hold.

Proof. (i) = (i) : Suppose that (i) is true. Then we get the following upon combining (39) with the result of
Corollary (3.1) that .., > ¢*" 2

(40) Tn1 <1< q<Tn2 <@ <@ <tnz<q¢' <@ <na
<< q2n75 < Tnm1 < q2n74 < q2n73 < q2n72 < T
In particular

2j+1

(41) 7 < < g TP < <anin <7 <P <mnjpe, for 2<j<n-2.

We have ¢! 4+ ¢% 73 > ¢%11 > 2¢%  and so ¢¥ ! — ¢% > ¢% — ¢*73. Tt then follows that

Tnjiz —Tngi1 2 ¢ =¥ > ¢ — 77 > w1 — g,
which proves that the roots n,2,...,%n,n are successively farther apart. Finally, ©n,1 + Zn,33 > Tn,3 > q3 > 2q2 >

2%n,2, SO Tn2 — Tn,1 < Tn,3 — Tn,2. Thus (ii) holds.

(#1) = (i%¢) : Suppose that (ii) is true. Let p(z) = (x —r1)(x — r2)...(x — 1), n > 2, be any monic polynomial in
which the roots are real, distinct, and successively farther apart, i.e. 71 <re <--- <rpand 0 <rg—71 <713 —712 <
... <7rp—7rn_1. We shall prove by induction on n that max{|p(z)| : r; <z < r;41} is an increasing function of j for
1 <j <n—1. Since p, is such a polynomial, (iii) will follow.

As there is nothing to do in case n = 2, we proceed to the inductive step. Suppose n > 2 and the result holds for
n. Let p(x) = (x —r1)...(x — rny1) where the roots satisfy the above assumptions. Let z be the unique point in
(rn—1,7n) such that p’(z) = 0. Then by the inductive hypothesis, it follows that

H|y—ri| < H\ac—ri\ for every y with r1 <y < z.
i=1 i=1

Choose z € (Tn, Tn41) such that r,41 — 2 =2 — rp—1. Then we have

|€ — rn_1| = |z = rnt1ls |2 — rag1] = |2 — o], and |z — 7o < |2 — ral.
Since |z — 7| < |z —7rj| for j =1,...,n — 2, we obtain
n+1 n+1

[Tlz=ril<][1z=ril,
=1 =1

and the latter expression is less or equal to the same expression if we replace z with the root of p’ in (7, 7n41). This
completes the induction and so the proof of (i) = (ii3). O

One consequence of Conjecture 4 is that we get a more elegant description of the eigenvalue counting function
B(z) if we make use of the partition of [0, c0) given by {1,q,¢% ¢°,¢*,...}.

Theorem 7.3. If Conjecture 4 holds, then 3(x) = |4 +log, /x|, [1 +log, /x|, or |3 +log, /x| where |-] denotes
the floor function. Specifically,

B(x) = [1+log, vz if 772 <2< ¢¥7! for some j,
L5 +log, Vi) or [§ +log, va] if ¢¥TM <x<q¥ for some .

Proof. Letting n go to oo in (41) and recalling that z,,; decreases with n, we get

27—3 27—2 27—1 27 27+1
7y < g TP <Y <myp < ¢ < P

where z; denotes the jth smallest root of po. If ¢ 72 < 2z < ¢*! then B(z) = j. In this Case% + log, \/5,< 7 <
1+ log, V/z, so since j is an integer, it must be the floor of 1 + log, v/Z. On the other hand if ¢* 7! < z < ¢*/, then
B(x) is either j or j+ 1. In this case, log, vz < j < 1 +log, v/, so0 j is the floor of § +log, \/z and j+1 is the floor
of 2 +log, /. O
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7.3. Idea for a proof of Conjecture 4. Though we aren’t able to prove Conjecture 4, we have a natural approach
to a proof which we think is worth describing. It makes use of the following theorem. Both (i) and (ii) of the theorem
are variations on Theorem 1 in [2] and (i) is Theorem 1.20 on page 13 of [11]. As we don’t find a reference for (ii),
for convenience we include a proof of it.

Theorem 7.4. Let f and g be monic polynomials both with all roots real, distinct, and having no roots in common.
Denote the roots of f by a1 < az < ... and the roots of g by by < b < ....

(i) Let deg(f) = deg(g) = n, and the partial fraction decomposition of f/g given by

fle) (x—a1)...(x—an) _ c1 Cc2 Cn
o0) " @b @b Taob tr-bt Taob

Then the roots interlace in the sense that

a1 <bi<ay<by<---<ap<b,

if and only if the coefficients c; are all positive.
(i1) Let deg(f) = n and deg(g) =n — 1 and the partial fraction decomposition of f/g given by

fl)  (zr—a1)...(x—an) _ B c1 ca Cn_1
0@ @b @by e T ron T T e

Then the roots interlace in the sense that

a1 <b <a2<by < <bpo1<an
if and only if the coefficients ¢; are all negative.

Proof of (ii): Suppose first that the roots interlace in the sense described in (ii). Then for each ¢ from 1 ton —1if
approaches b; on the right, the sign of f(z)/g(x) is (—1)""%/(—1)""*"* = —1. Thus lim _,+ f(x)/g(x) = —oo, and
so since the term c¢;/(x — b;) dominates it must be the case that ¢; < 0. '

Conversely, suppose that ci,...,c,—1 are all negative. For each ¢ from 1 to n — 2 consider the interval [b;, bi1].
Since ¢; < 0 it follows that f(z)/g(x) converges to —co as  — b and to oo as ¢ — b, ;. Thus f has at least one
root in that interval. This then accounts for n — 2 of the roots of f. Because of the x — ¢ term in f/g, f(x)/g(z) has
a limit of co as © — 0o and —co as © — —oo. Since ¢,—1 < 0, the limit of ¢,—1/(x — br—1) as © — b} _; is —oco. It
follows that f has a root which is greater than b,_1. A similar argument shows that f has a root which is less than
b1. Since we have accounted for all n roots of f, we have shown that the roots interlace as claimed. a

To try to prove the first set of inequalities in (i) of Example 7.1 we make use of part (i) of Theorem 7.4. Take
f = Py, with P, the polynomial defined in Theorems 4.1 and 4.2, and take g = Vi(z) = [[}_,(z — ¢*71). The
partial fraction decomposition of P, /V,, is given by

Pn(.l‘) 14+ Cn,1 Cn,2 o Cn,n ]
V() r—q xT—¢3 x — g1
The aim is to prove using induction on n > 1 that ¢, 1,...,cn,n are all greater than 0. Recall that Py =1, P, =z —1,
2 n 4n—1 Pi(x r— —
P, =(z— qz)(x -1)— # and P,y1 = (x — ¢ VP, — (qq+71)"’P”_1' We have Viglg = zﬂi =1+ 27731 and

P(e) (@—a)@—1)—
Va(z) — (z—q)(z—¢%)

P - +1 1 . ¢ - —q* 1
(@—D(g+1)? z-q (¢—-D(g+1)?* x—¢*
so it is true for n = 1 and n = 2. For the inductive step we assume the result holds for n > 2, and try to show it for
n—+1:

Cn+1,1 Cn+1,n+1 Pn+l(x)
1 Aoy , -
T T e T V(@)
an—1
(m - qzn)Pn(ZU) (qq+1)2 Pnfl(x)
S (@@ t)Va(z) (- @) (z - @) Voo ()
2n
r—q Cn,1 Cn,n
= 1 u e [ L A
x_q2n+l +x_q+ +x_q2n71:|
_ (14"71 n Cn—1,1 T Cn—1,n—1
(¢+ 1%z =gt (z— ¢ ") T—q z — g3
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We need to equate coefficients of like terms 1/(x — q2j71) on both sides. To do so we make use of the following partial
fraction decompositions:

T — q2n B q2n+1 _ q2n
xr — q2n+1 - r — q2n+1 )
T — q2n _ (q2j71 _ q2n)(q2371 _ q2n+1)71 N (q2n+1 _ q2n)(q2n+1 _ q2371)71 L<i<n
(x_q2n+1)(x_q2j71) - x_qufl x_q2n+1 ? SIEn
1 _ (an—l _ q2n+1)— (q2n+1 _ q2n—1)—1
(1‘ — q2n+1)(w — q2n71) T — q2n71 T — q2n+1 ’
1 _ (q2j—1 _ q2n+1)—1(q2j—1 7q2n—1)—1 N (q2n—1 _ q2n+1)—1(q2n—1 7q2j—1)—1
(m_q2n+1)(x_q2n71)(x_q2j71) x_q2j71 x_q2n71
(q2n+1 _ q2n71)71(q2n+1 _ q2j71)71 )
+ 7 — gt , 1<j<n—-1

We then get the following relations:
¢ — g2t 4n—1
Cnt1,j = g2ntl — g2t Cnj — (q+ 1)%(2nt1 — q2j—1)(q2n—1 —¢¥)

Cn—1,j, ]-S]Sn_lv

2n _ 2n—1 An—1 -
Cn+1,n = q q Cn,n + a Z Cn—1. -
n ’ q2n+1 _ q2n71 ) (q + 1)2 q2n+1 2n 1 o 2n+1 2n71)(q2n71 _ q2‘]71) ?
2 1 2 n 2n+1 2 q4n71 - c 1
o n n L n 7
Cn+1,n+1 = + Z 2n+1 — qgj T Cn,j (q + 1)2 q2'n+1 _ 2n 1 g 2n+1 _ 2n—1)(q2n+1 _ q2j—1) .
The inductive hypothesis makes it clear that cpq1,n > 0, but cnq1,; for j =1,...,n—1 and j = n+ 1 are differences

of positive quantities, so it is not clear to us how to use the inductive hypothesis to deduce that they are positive.

7.4. Conjecture 5 and another look at the modified eigenvalue problem. We return to the modified eigen-
value problem and ask if it is possible to deduce Conjecture 3 from Conjecture 4 instead of from Conjecture 2 as we
did in Theorem 7.1. Thus we are asking if Conjecture 4 is more fundamental than Conjecture 2. Since we don’t have
the answer, we formulate it as another conjecture.

Conjecture 5. Conjecture 4 = Conjecture 2.

From Theorem 7.2, it follows that Conjecture 5 holds if with the assumption of Conjecture 4 we can deduce the
following:

(42) (VM >0)3m € ZY)BN € Z)[n > N = max{|p,(2)| : tm < < Tpmg1} > M.
A related but much simpler result which doesn’t require any conjecture is the following one.

Theorem 7.5. The mazimum of |pn| over the interval between its two largest roots goes to 0o as n — oo.

Proof. From Corollary 3.1 we have

z = 1>q2n—2_ q2 q2n—4_<q2*2) q2n—2> <q2*2) (q271>x _q2*2x >i13n,n
n,n n,n— - n,n — n,n )
@2—1 2 —1 2—1 q2 7 2

and SO Tnn-1 < %a:n,n, Then taking y = %a:n,n, it follows that y — T n-1 > y — %mn,n = %xn,n, and obviously
=2 we deduce that the distance of y to each of the roots of p, is at least ¢®"*.

Y— Tppn = ixn,n. Since Tp,n > q
Thus from Theorem 2.1,

max{[p (o) @it < @ < ik 2 )] = 5 H|y gl > (LD gonom s oo,

and this last term goes to oo as n goes to oco. a

We had hoped that with the assumption of Conjecture 4 we could deduce (42) (and hence prove Conjecture 5 is
true) with a proof similar to that of Theorem 7.5 but using estimates inspired by (40). The idea is that for the given
M and for m to be determined, we consider p,, for n > m and we fix x in one of the gaps between the roots of p,
(we used z equal to the midpoint of the interval [¢*™, ¢*™"!]). Then |p,(x)| is obtained by multiplying together the
distances of x to each of the roots of p, and then in turn multiplying by the factor |p.»| = (¢ + 1)"_1/q"2_1. In
order to deduce |pn(z)| > M, the products of |pn, | together with the distances of x to the roots of p, greater than
z would have to be bounded away from 0 independent of n, say by a quantity we call . Then it would be a simple
matter to choose m large enough that the product of the distances of x to the roots of p, smaller than z is larger
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than M /e and we would have (42). The lower bounds on the distances of = to each of the roots of p,, are obtained in
the obvious way using (40). Unfortunately the lower bounds aren’t quite strong enough and the proof breaks down.
To give an idea of what goes wrong, consider the following two calculations:

3.5, p2nB 22 qn2—2n+2.
It is the second of these which relates to our proof. After multiplication by (¢+ 1)”71/q"271 the first of these remains
bounded away from 0, whereas the second is (g 4 1)""'¢~2""3, which is not bounded away from 0.

7.5. Conjecture 6 and yet another look at the modified eigenvalue problem. Let us continue to denote
by pn the polynomials we have previously studied associated with the original eigenvalue problem. Recalling the
notation z,, n > 1, for the roots of po and z,k, 1 < k < n, for the roots of p,, by the strong Stieltjes interlacing,
for each n,

Tn < < Tngan < Tntdn < Tnt2,n < Tntin < Tnn < Tng1 for j > n.

It follows that for each n there exists Z, in the interval [Zn,n, Znt1] such that p,(Tn) = peo(Tn). We are interested
in obtaining a lower bound on the quantity Z, — xn,». Numerical calculation suggest that it increases with n. We
did the calculations with ¢ = 2 and with pi4 replacing po.. The results are

n| Tnn | AT
1 1 1.9
2| 4.39 7.16
3| 17.09 28.5
4 | 68.4 | 114.049
5| 274 | 456.343

For our purposes we merely require T, — Zn,» to be bounded away from 0, and so we propose
Conjecture 6. With T, defined as above, inf{Z,, — xn,n :n > 1} > 0.

We show in the following theorem that Conjecture 6 is more fundamental than Conjecture 2 and hence by Theo-
rem 7.1 gives another condition which implies the formula Sy (z) — 5(z) = O(1).

Theorem 7.6. Conjecture 6 => Conjecture 2.

Proof. We first prove
(43) lim |p,(2n,n)| = co.

n—o0
The polynomials p,, are given by

nlg+1D)"!

palz) = (=1)"—5
q

Using logarithmic differentiation we get

(z—xn1)(@—Tn2)... (T — Tnn).

b n(g+1)" 1 1 1
pn(l')—(_].) qngi_l(x_l'nyl)...(l'—mnyn) m++m .
If we distribute the multiplication over the sum and replace x with x5, all but one term vanish, and the result is
+ 1 n—1
p:q,(mn,n) = (_1)n%(5€n,n - xn,l)(xn,n - :En,2) e (xn,n - mn,n71)~
By Corollary 3.1, 0 < % < Zi:%z = %, so after taking out x, n from each of the factors we deduce

n—1 n—1 n—1 n—1

)| > oot (1= Bt ) Lo (1 2)T gt ot o
qr Tn,n q" q

as n — oo. This proves (43).

We need to show that for all sufficiently large even values of n, the maximum value of ps on [Tn, Tn+1] is greater
than M. By the assumption of Conjecture 6, there exists £ > 0 such that z,,, + ¢ < Ty, for all n, so pn(z) < peo(x)
for all z in [Zn,n,Tn,n + €]. Since x, » is the biggest root of p,, the graph of p, to the right of z, , lies above its
tangent line, so in particular

Poo (Tnn +€) > Pn(@nn +€) > epp(Tn,n).
The result then follows from (43). O
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