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A GLOBAL RIESZ DECOMPOSITION THEOREM ON TREES WITHOUT
POSITIVE POTENTIALS

JOEL M. COHEN, FLAVIA COLONNA aAND DAVID SINGMAN

ABSTRACT

We study the potential theory of trees with nearest-neighbor transition probability that yields a recurrent
random walk and show that, although such trees have no positive potentials, many of the standard results
of potential theory can be transferred to this setting. We accomplish this by defining a non-negative function
H, harmonic outside the root e and vanishing only at e, and a substitute notion of potential which we call
H-potential. We define the flux of a superharmonic function outside a finite set of vertices, give some simple
formulas for calculating the flux and derive a global Riesz decomposition theorem for superharmonic functions
with a harmonic minorant outside a finite set. We discuss the connection of the H-potentials with other notions
of potentials for recurrent Markov chains in the literature.

1. Introduction

The study of potential theory on trees was introduced by Cartier [9], although its consideration
on Markov chains goes back to the beginning of Markov chain theory. Subsequent developments
include [10], [18], and [20]. Trees, under the harmonic structure determined by nearest-
neighbor transition probabilities, are harmonic spaces which may or may not have positive
potentials. In [6], we used the tools of Brelot theory to derive on trees several properties that
were not previously known, and we related these results to the potential-theoretic aspects of
trees that had been studied in [9] in the special case of trees with positive potentials.

In this paper, we continue the study begun in [6] of the potential theory of trees for which
the random walk is recurrent, without making explicit use of the Brelot theory.

In the transient case, a Riesz decomposition theorem holds for the positive superharmonic
functions, that is, each positive superharmonic function can be written uniquely as the sum
of a positive potential and a harmonic function. In the recurrent case, there are no non-
constant positive superharmonic functions, and hence there are no positive potentials. Instead,
we consider admissible superharmonic functions, namely superharmonic functions which are
bounded below by a function harmonic outside a compact set (hence, a finite set in this setting).
Motivation for this definition is provided by the work of Anandam in axiomatic potential theory
(cf. [1,3]).

Our aim here is to develop a theory of flux and to introduce a class of superharmonic
functions (which we call H-potentials) behaving as positive potentials in the transient case,
in order to obtain a Riesz decomposition theorem, that is, a complete characterization of
admissible superharmonic functions as sums of H-potentials and global harmonic functions.
In classical potential theory in the complex plane, there is a notion of potential, more general
than logarithmic potential, that yields a Riesz decomposition of all admissible superharmonic
functions. Not all such potentials, however, are admissible (cf. [5]).

The H-potentials (introduced in [6]) are defined in terms of a non-negative unbounded
function H that is harmonic and positive outside the root.

Anandam [1] gives various definitions of flux on different classes of functions. We condense
these into a single definition of the flux of any function on a recurrent tree. We define the flux
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of a function s which is superharmonic outside a finite set as the supremum of all real numbers
« such that s — aH is bounded below by a harmonic function on the tree. This allows us to
define a kernel G that we call the H-Green function, which plays a role similar to that of the
Green function on transient trees, except that it is not non-negative. We show that, in analogy
to the transient case, the H-potentials are precisely the functions of the form G f, where f is
a non-negative function satisfying a certain growth condition.

To put this paper in the proper perspective from the point of view of Markov chains on
discrete structures, we relate the concepts developed in our study to the corresponding ones
given in the literature and explain the connection and the differences between our results and
those established in earlier works. Specifically, we discuss the connection between our work and
the potential theory developed in [11-16,19,23].

The topic of recurrent potential theory on denumerable Markov chains has lain dormant for
many years. One reason is that in the early studies of trees, the greatest concentration was on
homogeneous isotropic trees which can be represented by groups. Kesten [16] had completely
settled the theory on groups. A second reason is that the notion of admissible superharmonic
function came later and was heretofore used almost exclusively in an analytic setting.

1.1. Trees

Let (P,T) be a stochastic Markov chain, where T is a countable set of states and P =
{p(v,u)}y uer is the matrix of transition probabilities of finite type, that is, rows and columns
have only finitely many non-zero entries.

A path is a finite or infinite sequence of states [vg, v1,...] such that p(vg,vgy1) > 0 for all
integers k > 0. The path is said to be geodesic if furthermore vy41 # vip—1 for all k > 1. In
particular, the paths [vg] and [vg,v1] are always geodesic. An infinite geodesic path is also
called a ray. A tree is the set of states T' of such a Markov chain which has the property that
for all v,u € T there is a unique geodesic path from v to u. The states are called the vertices
of the tree. Throughout this paper, we fix a vertex e called the root.

Observe that, for all v € T, p(v,v) = 0, otherwise both [v] and [v,v] would be geodesics.
Moreover, all finite geodesic paths can be reversed, that is, if p(u,v) > 0 then p(v,u) > 0, since
the unique geodesic path [v = vy, ..., v, = u] from v to v must be [v, u], otherwise [u, vo, . . ., U]
would be a geodesic from u to w.

Two vertices v and w are neighbors and [v, u] is called an edge if p(v,u) > 0, in which case
we use the notation v ~ w.

Let [u,v] denote the unique geodesic path between the vertices u and v. A vertex with a
single neighbor is called terminal.

The distance d(u,v) between the vertices v and v is the number of edges in the unique
geodesic path from u to v. The length of a vertex v is |v| = d(e,v). The predecessor u~ of a
vertex u # e is the next to the last vertex of the geodesic path from e to u. We call children of
a vertex v the vertices u such that 4~ = v. Children of the same vertex are called siblings. A
vertex v is an ancestor of u and u is a descendant of v if v is in the geodesic path from e to u™.
The sector determined by the vertex v is the set S(v) consisting of v and all its descendants.

By a function on a tree T, we mean a function on its set of vertices. The Laplacian of a
function f on T at v € T is defined as Af(v) =, _, p(v,u)f(u) — f(v).

A function f on T is said to be harmonic, superharmonic or subharmonic at a vertex v if
Af(v) is equal to, at most or at least zero, respectively. The function is said to be harmonic,
superharmonic or subharmonic on a set of vertices K if it is harmonic, superharmonic or
subharmonic, respectively, at each point of K. If K =T, then we will simply call the function
harmonic, superharmonic or subharmonic. The harmonic support of a function s is the set of
vertices where the Laplacian of s is non-zero. A potential is a positive superharmonic function
whose only non-negative harmonic minorant is the constant zero. A superharmonic function s
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on T is said to be admissible if there is a finite set K and a function A on T', harmonic at each
vertex of T'\ K, such that h(z) < s(z) for all z € T.

A function harmonic off a finite set of vertices does not necessarily extend to a function
harmonic on the whole tree. Indeed, since a single vertex vy disconnects the tree, a function
harmonic off vg cannot necessarily be extended to a function harmonic everywhere.

On the other hand, there is an extension result for functions harmonic off a finite set of
vertices and this motivates much of what we do in this paper (see Definition 2.1).

DEFINITION 1.1. Given a finite subset K of T, the interior of K is the set int K consisting
of all non-terminal vertices v € K such that every vertex of T which is a neighbor of v belongs
to K. The boundary of K in T is defined as the set K of all vertices v € K such that exactly
one neighbor ¥ of v is in int K. We say that K is a complete subtree of T if K = int K U 0K.

REMARK 1.1 (Dirichlet problem). Any complete finite set K satisfies the following
property: if f is any function defined on OK, then there exists a unique extension of f to
K, non-negative if f is non-negative, which is harmonic on the interior of K.

A useful property of superharmonic functions is the minimum principle: let K be a connected
complete set and assume that a function s on K attains its minimum at vy € int K and is
superharmonic on int K \ {vg}. If s is not constant, then it is not superharmonic at vg. In
particular, if s is superharmonic on int K and non-constant, then its minimum cannot be
attained on int K. Since the negative of a subharmonic function is superharmonic, there is an
analogous maximum principle for subharmonic functions.

DEFINITION 1.2. Let s be a function on T and K a set of vertices. By a harmonic
(subharmonic) minorant of s on K, we mean a function h such that h < s on T' and is harmonic
(subharmonic) on int K. Note that although these functions are defined globally, the values of
h outside of K have no bearing on its harmonicity on int K.

We state the following theorem on trees, but it is easy to see that it holds for an arbitrary
denumerable Markov chain. We believe that the results are part of the folklore, but we include
an elementary proof since we have not been able to locate one in print.

THEOREM 1.1. Let K be a set of vertices. Let s be superharmonic on int K and suppose
that s has a subharmonic minorant ty on K. Then s has a greatest harmonic minorant h on
K that will be denoted by ghm (s) and tg < h. Furthermore, h is equal to the supremum of
all subharmonic minorants of s on K.

Proof. Let S denote the set of functions that are subharmonic minorants of s on K. Define h
by h(v) = sup{t(v) : t € S}. By assumption, —oo < h(v) < s(v). Let v € int K. For each t € S,
t(v) <> P, w)t(w) <>, P(v,w)h(w) so, taking the supremum over all t € S, we see
that h is subharmonic on int K and thus h is the greatest subharmonic minorant of s on K.
Let v € int K and define h, by h,(u) = h(u) for v # v and h,(v) =3, , p(v,w)h(w). Then,
h, is harmonic at v and h < h, < s, since h is subharmonic on int K and s is superharmonic on
int K. Let u ~v,u € int K. Then ) p(u,w)h,(w) = >, ., plu,w)h(w) = h(u) = hy,(u), so
h, is subharmonic on int K. Thus, h, € S and thus h, = h. Since v is arbitrary, A is harmonic
on int K. Since any harmonic minorant of s on K is in S, h is the greatest harmonic minorant
of s on K. UJ
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COROLLARY 1.1. Let K be a set of vertices and let s; and s; be superharmonic on int K,
each having a subharmonic minorant on K. Let h; = ghmg(s;), ¢ = 1,2. Then, hy 4+ hy =
ghm g (s1 + $2).

Proof. Let h = ghmg(s1 + s2). Since hy + ho is harmonic on int K, hy + he < h. In order
to prove the opposite inequality, note that h — s; is a subharmonic minorant of ss, so by
Theorem 1.1, h — s; < hy. Thus, h — hg is a harmonic minorant of sy, so h — hy < hy, that is,
h < hi + ha. O

Let T be a tree with a nearest-neighbor transition probability p. The probability of a path
v =[vo,...,v,] is defined as p(v) = H?Zl p(vj—1,v;). For v,we T, let T, ,, be the set of
all finite paths from v to w. Define the Green function G of T as G(v,w) =>_ o p(7)-
Probabilistically, G(v,w) is the expected number of times the associated random walk starting
at v visits w. In [9], it is shown that if G(v,w) is finite for some vertices v and w, then it
is finite for all pairs of vertices. This means that the associated random walk is transient. In
this case, given w € T, the function G,, : T — (0, 00) defined by G, (v) = G(v, w) satisfies the
conditions AG,,(v) = 0 for w # v and AG,,(w) = —1 (see [9, Proposition 2.3]). Therefore, G,,
is superharmonic (actually, a potential in the sense that its greatest harmonic minorant on
T is 0) with harmonic support {w}. The potentials are precisely the functions of the form
Gf(v) =2 wer G(v,w)f(w), where f is a non-negative function on 7', not identically zero,
and Gf(e) < oo.

If G is infinite, the random walk is recurrent, that is, for any pair of vertices v,w the
probability that a random walk starting at v will reach w in positive time is one. In this case,
there are no (positive) potentials and so, by Theorem 1.1, all positive superharmonic functions
are necessarily constant, a well-known result on recurrent irreducible Markov chains. We give
here an elementary proof. If s is positive superharmonic and h is its greatest harmonic minorant,
then s — h has the greatest harmonic minorant 0. Since there are no positive potentials,
s —h = 0. This shows that any positive superharmonic function is harmonic. The function
t = min{s, s(e)} is positive superharmonic, and hence harmonic. Since ¢ attains its maximum
value at e, it must be constant by the maximum principle. Thus, s attains its minimum at e
and so, by the minimum principle, s must be constant.

EXAMPLE 1.1. Let T be a homogeneous tree of degree 3, and define p(v,v~) =1/2 if
v#e plv,v)=1/4if v~ # e and p(e,v) = 1/3 if v ~e. Then, T is a recurrent tree (see [6,
Example 4.1]), which we refer to as the (1/4,1/2)-tree.

EXAMPLE 1.2. Let T3 be the tree of Example 1.1, fix a ray p = [vg = e, v1,v2,...], and
fix p € (0,2/3). Let T be T3 with the transition probabilities p(v,u) modified only for v = v,
for each n > 1: let p(vn,vn—1) = 1/3, p(vpn, vnt1) = p and p(v,, w,) = ¢ = 2/3 — p, where w,
is the other neighbor of v,,. In [6,7], we proved that T is a recurrent tree for 0 < p < 1/3 and
a transient tree for 1/3 < p < 2/3.

1.2. Outline of results

In Section 2, we define a non-negative unbounded subharmonic function H harmonic except
at e which plays a key role in the study of potential theory on recurrent trees. In Theorem 2.2,
we show that H satisfies the property that given any function i harmonic outside a finite set,
there exists a unique real number « such that h — o H is a sum of a global harmonic function and
a bounded function. The function H and the corresponding family of subharmonic functions
H, with harmonic support at v are used to construct the H-potentials. In Theorem 2.4, we
give a direct proof on recurrent trees of an extension theorem (originally due to Nakai in a
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Riemann surface setting) that any function superharmonic outside a finite set can be written
as a sum of a global superharmonic function, a multiple of H and a function of finite support.
This is fundamental for our definition of the flux. In Theorem 2.5, we give the properties of
the flux of a function on 7" that is superharmonic outside a finite set.

In Section 3 (Theorem 3.2), we give an explicit construction of the H-potentials with one-
point harmonic support, which we then show (see Proposition 3.1) are unique up to a positive
multiplicative constant. We introduce the superharmonic functions G, = H,(e) — H, and use
them to define the H-Green function G. Using H-potentials, we also construct (Theorem 3.3)
a function on a tree with arbitrary prescribed Laplacian.

In Section 4 (Theorem 4.2), we give an explicit formula for the flux of a function s which
is superharmonic outside a finite set in terms of its Laplacian and a formula in terms of its
normal derivative.

In Section 5 (Theorem 5.1), we show that the function Gf given by Gf(w)=
Y wer Go(w) f(v) is defined if and only if > ., |f(v)|ow, < oco. If, in addition, f is non-
negative, then G f is admissible. In Theorem 5.2, we show that the H-potentials are precisely
the admissible superharmonic functions s of the form Gf, where f = —As. Furthermore, we
prove that every admissible superharmonic function can be written uniquely as the sum of
an H-potential and a harmonic function (global Riesz decomposition). After defining the flux
of an arbitrary function whose Laplacian satisfies a certain summability condition, we show
(Theorem 5.3) that a function of finite flux is the sum of a harmonic function and the difference
of two H-potentials.

In Section 6, we give a description of the connections between the H-potentials and the
potentials developed for Markov chains by other authors.

2. Standard and the flux on a recurrent tree

In this section, we introduce the concept of flux of a superharmonic function outside a finite
set of vertices of a recurrent tree.

DEFINITION 2.1. Let T be a recurrent tree, K C T" a non-empty finite set. A function
H harmonic off K is called a standard associated with K if the following is true: given any
function h which is harmonic off an arbitrary finite set, there exists a function A7 harmonic on
the whole space, a unique real number o and a bounded function b such that h = aH + hp + b.

Let T be any tree. If v is a vertex of length n > 1 and [vp, ..., v,] is the geodesic path from
e to v, let
P(Vk; Vk—1)
ex(v) = ——F———for 1<k<n—1, ¢v)=1,
«(2) 1 — p(vk, vk—1) o(v)
and define
n—1
H(v) = eo(v)er(v) - - - ex(v) (2.1)
k=0

for [v| =n > 1, with H(e) =0. Then H is non-negative and constant on siblings (that is,
H(u) = Hw) ifu~ =w™). If |u| =1, then H(u) =1, so that AH(e) = 1. In [6, Theorems 5.1
and 5.2], we showed that H is harmonic except at e (so that H is subharmonic), and gave the
following result.

THEOREM 2.1. If T is recurrent, then H is unbounded on each sector S(v), and if H is
unbounded on each ray, then T is recurrent.
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The special case of T = Z; U {0} is well known (see [11, Theorem 1]).

On the other hand, in Example 2.2 we show examples of both a transient and a recurrent
tree whose associated function H is bounded only on a single ray.

If T is a homogeneous tree of degree greater than 2 with isotropic transition probability,
then T is transient and H is the function @ of [8, p. 454].

Let us now assume that 7' is recurrent. The following theorem was proved in [6, Section 4]
using a result from axiomatic potential theory in [2,4]. We shall give here a simple self-contained
proof.

THEOREM 2.2. H is a standard on T associated with {e}.

For the proof, we introduce a family {H, },cr of non-negative subharmonic functions with
one-point harmonic support. On a recurrent tree, the Green function is identically infinity, and
hence it has no practical use. The functions H, will also be used to take the first step toward
defining a substitute notion for the Green function, and hence for potentials.

For v € T, define o, = p([e,v])/p([v,e]) for v#e, and a, = 1. Set H. = H and for each
v € T define the function H, harmonic off v with AH,(v) =1 and such that H, — a,H is
bounded. Let [e,v] = [e = vg,v1,...,v, =v] and, for k =0,...,n — 1, let px, = p(vg, vk+1) and
Tk+1 = P(Vg+1, Vk). Define

S, = S(vg) — S(vgy1) fork=0,...,n—1, (2.2)
S(vn) for k = n,
so that T = S(e) is the disjoint union of the sets Sy, ..., S,. Let b, = a, H(v), and
1 n—1 n-—1
bn—<1+ Z Hpj/rj) for k=0,...,n—2,
bk — Tn m=k+1j=m (2.3)
bn—i fork=n-—1.

Define H, to be a,H — b, on Si, k=0,...,n. It is straightforward to show that H, has
the following properties: H,(v) = 0, H, is harmonic everywhere except at v and AH,(v) = 1.
Furthermore, outside the ball of radius n, H, is strictly increasing as a function of the modulus,
since H has this property. Thus, since H, takes only finitely many values on the ball, it has a
minimum which cannot be attained at a point where the function is harmonic. Hence, by the
minimum principle, that minimum is attained at v where its value is 0. Thus, H, is positive
except at v.

THEOREM 2.3 [6, Theorem 4.3]. For eachv € T, H, is the unique function harmonic except
at v, non-negative, such that H,(v) =0, AH,(v) =1 and the function b = a,H — H, takes
on finitely many values. These values are b, ..., by,. In particular, H. = H.

Proof of Theorem 2.2. Let h be a function on 7" harmonic outside a finite set K. Let hy =
h=> ek AMV)Hy, a =3 e Ah(v)ay, and b= — > - Ah(v)b”. Then, hr is harmonic on
T and h = hy + ), o Ah(v)H, = hy +aH +b. To prove that « is unique, assume that h
can be written as h. + o’ H + b/, where h/. is harmonic, b’ is bounded and o' > «. Then
k= (a—d)H+ hy — hl, =V —bis a bounded superharmonic function, and hence a constant.
Thus, 0 = Ak(e) = a — ', completing the proof. O

Throughout the rest of the paper, we shall fix the standard to be the function H defined by
(2.1), with K = {e}, the set associated with this standard.
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EXAMPLE 2.1. If p(vk,vk—1) is a constant r € [1/2,1) and e =r/(1 —r), then H(v) =
(el —1)/(e = 1) for r #1/2 and H(v) = |v| for r = 1/2. (If r < 1/2, then T is transient.) In
particular, if T is the (1/4,1/2)-tree, then H(v) = |v|.

ExXaMPLE 2.2. Let T be the tree in Example 1.2. Observe that the values z, of H
at a vertex of length n must satisfy the recurrence relation 41 + p—1 =22, if z, ¢ p
and the relation 2,41 + 1 = 3z, if ©, € p. Thus, if v € S(v,) — S(vnt1), then H(v) =
2+ (Ju] —n — 2)27"™. Notice that the values of H are completely independent of the probability
p on the ray p, even though the value of p determines whether T is transient.

A key step toward defining flux is Theorem 2.4. We begin with two lemmas.

LEMMA 2.1 (Harnack’s property). Let {s,} be a non-decreasing sequence of functions on
T which are superharmonic (respectively, harmonic) on a connected set K. Then, on K, lim s,,
is either identically infinity or superharmonic (respectively, harmonic).

Proof. Let s(u)=lims,(u) <oo for we K and assume that s(v) <oo. If w~ v,
then s(v) = sp(v) 2 32,0, P(v,w)sn(u) = p(v, 0)sn (W) + 3, Ly s PV, W)S1 (1) SO S5 (w) s
bounded above by a quantity independent of n. Hence, s(w) < co. Since K is connected, s
is finite on K. The superharmonicity (harmonicity) of s is immediate. 0

LEMMA 2.2. Foreachn €N, let B, = {v € T : [v| <n} and let h,, be the solution to the
Dirichlet problem on the interior of B,, with boundary values H on 0B,,. Then lim,,_, o hy,(v) =
oo for each v € T.

Proof. Fix any positive integer N. Since H is subharmonic, by the maximum principle, it
follows that h,, > H on Bj,_1, thus hy,, > h,—1 on B;,_1 so {h,},>n is an increasing sequence
of harmonic functions on By. By Harnack’s property, the limit A is either identically infinity
or harmonic on By for all N, and hence on T, and h > H. Assume that h is not identically
infinity. Then, h is harmonic and so h — H is a non-negative superharmonic function, and hence
a constant c¢. Thus, h = ¢+ H, contradicting the fact that H is not harmonic at e. 0

THEOREM 2.4. Let s be a function superharmonic outside a finite set in 1. Then, there
exist § € R and st superharmonic on T such that s = sy + BH outside a finite set.

Proof. Let C'={v €T :As(v) >0},anddefines; =s— 3 _~As(v)H,. Then, As; is 0 on
C and equal to As off C, so s7 is superharmonic on 7. Pick o > max{a, : v € C}. Forv € C, let
k., be the solution to the Dirichlet problem in the interior of B,, with boundary values H, — aH.
Note that H, — oH = (H, — a,H) — (o — vy, )H. Since H, — o, H is bounded, it follows from

Lemma 2.2 that n can be chosen so that k, < H, — aH on 3B|v\+1~ Since k, = H, — aH
on 0B, by the minimum principle, it follows that k,(u) < H,(u) — aH (u) for |v| < |u] < n.
Define

H,(u) — aH(u) if |u| > n.
Then, s, is superharmonic on T" and H, = oH + s, outside a finite set. Let 8 = a ) .~ As(v)
and sp =51+ ), . As(v)s,. Then, outside a finite set s =51+ .- As(v)(aH + 5,) =
BH + st. O

REMARK 2.1. Let s be a function superharmonic outside a finite set. When it is clear
from the context that the values of s on any particular finite set are unimportant, we shall
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use Theorem 2.4 to change s on a finite set so that it is defined globally and superharmonic
except at e.

DEFINITION 2.2. If sis defined on T' and superharmonic outside a finite set, define the flux
of s to be flux(s) = sup As, where A, is the set of a € R such that s — aH is bounded below
by a function harmonic on T'. As is customary, if A; = 0, then the flux of s is —oco.

REMARK 2.2. Using the notation of Theorem 2.4, flux(s) < 8 because if a > 3, then
s —aH = s — (o — B)H which is a non-harmonic superharmonic function; hence, it has no
harmonic lower bound. Thus, a ¢ A, so As C (—o0, ] and —oo < flux(s) < oco.

LEMMA 2.3. Fori = 1,2, let h; be a globally defined function which is the greatest harmonic
minorant of some superharmonic function s outside a finite set K;. Then, h; — ho is bounded.

Proof. Using Theorem 1.1, without loss of generality, we may assume that K; C Ks. Using
the definition of standard, there exists a function hpr harmonic on T and a unique real
number « such that ho — aH — hr is bounded. Fix any vy € K. By Theorem 2.3, o,y H — H,,
is also bounded, so hy — (a/a,)Hy, — hr is bounded. Thus, there exists a constant c
such that —¢ < hg — (/@ )Hy, — hr < c. Therefore, we have —¢ < hg — (a/ayy ) Hyy — hr <
s — (a/aw, ) Hy, — hr outside Ks. By increasing ¢ if necessary, we obtain s > (a/aw, ) Hy, +
hr —c¢ on T. In particular, since («/aw,)Hy, +hr — ¢ is harmonic outside Ki, it follows
that (/o) Hy, + hr — ¢ < hy outside K. Thus, hy — ¢ < (/) Hy, + hr < hy + ¢ on the
complement of K7. On the other hand, h; is harmonic outside Ks, so h; < ho outside K5. Thus,
ho — h1 > 0 outside Ko and hg — h1 < 2¢ outside K. Since K7 and K5 are finite, hqy — ho is
bounded. |

The following is an extensive list of the properties of the flux.

THEOREM 2.5. (a) If h is harmonic outside a finite set, then the flux of h is the unique
constant a of Definition 2.1 such that h = aH + hp + b with hp harmonic on T and b bounded.
In particular, A = (—o0, a.

(b) If h is bounded harmonic outside a finite set K or harmonic everywhere, then the flux
of h is zero. If s is superharmonic everywhere, then flux(s) < 0.

(¢c) Let s be an admissible superharmonic function on T. If hy and ho are the greatest
harmonic minorants of s outside finite sets K1 and K», respectively, then the fluxes of hy and
ho are equal.

(d) If s is a function superharmonic outside a finite set K that has a subharmonic minorant
on T\ K (in particular, if s is admissible), then its flux is equal to the flux of its greatest
harmonic minorant on T \ K. Consequently, admissible superharmonic functions have finite
flux.

(e) The flux of a non-admissible superharmonic function s is equal to —oc.

(f) Let s be superharmonic outside a finite set, and write s = sy + SH outside a finite
set, where st is superharmonic on T and (3 is a constant, as in Theorem 2.4. Then flux(s) =
flux(sr) + 5.

(g) The set of functions that are superharmonic outside a finite set is closed under sums and
multiplication by a positive number and flux is linear on that set.

(h) If s is superharmonic outside a finite set and As # (), then flux(s) € A, so that As =
(—o0, flux(s)].

(j) If s is superharmonic on T and flux(s) = 0, then s is harmonic on T.
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Proof. We use Corollary 1.1, Theorem 2.4, Remark 2.2, Lemma 2.3, and the following
immediate facts.

(i) There are no non-constant positive superharmonic functions, and hence no non-
harmonic superharmonic function can be bounded below on T' by a harmonic function.

(ii) If s is superharmonic outside a finite set, then for all @« € Rand ¢ > 0, Agyqm = As + @
and A.s = cAs.

(iii) (Monotonicity of the flux) If s; < s9, with s1, s3 superharmonic outside a finite set, then
As, C As,, so that flux(sy) < flux(ss).

(iv) If hp is harmonic on T and hy + «vH is bounded below, then v > 0.

Part (a) follows from (iv). Part (b) follows from (a) and Remark 2.2. Part (c) holds, since
Lemma 2.3 implies that Ay, = Ap,.

To prove (d), let h be the greatest harmonic minorant of s on T'\ K. By (c), without loss of
generality, we may assume that K contains e. By (a), Ay # 0 and by (iii), A C As, so As # 0.
Let a € A; so that s — aH > hp, a harmonic function on 7. Thus, s > a«H + hy, which is
harmonic off {e}. Then, on T'\ K, s > h > oH + hr, so by (iii) and (a), flux(s) > flux(h) > a.
Since this is true for all « € A;, it follows that flux(s) = flux(h).

To prove (e), assume that there exists o € A,. Then, s > aH + hy, where hr is a function
harmonic on T'. Since «H + hp is harmonic outside e, s is admissible.

Part (f) follows from (ii). To prove (g), let s1 and sy be superharmonic outside the same finite
set K, and let hy and ho be their respective greatest harmonic minorants outside K. Then,
by Corollary 1.1, hy + ho is the greatest harmonic minorant of s; + so outside K. Thus, by
(d) and (a), flux(sy + s2) = flux(hy + ho) = flux(hy) + flux(hs) = flux(s1) 4 flux(sz). Linearity
with respect to multiplication by a positive constant follows from (ii).

Part (h) follows from (d) and (a). Part (j) follows from (h) and (i). O

In [6, Corollary 3.1], we proved that a superharmonic function on a transient tree is
admissible if and only if it has a global harmonic minorant. This is false on recurrent trees,
but we can prove the following result.

PRrROPOSITION 2.1. A superharmonic function s on a recurrent tree T' is admissible if and
only if it has a minorant which is harmonic except at the root.

Proof. The sufficiency is obvious. To prove the necessity, let s be an admissible superhar-
monic function and let « be its flux. By part (h) of Theorem 2.5, there exists a harmonic
function hy on T such that s — aH > hr. However, aH + hr is harmonic except at e, so s has
a harmonic minorant outside e. U

3. H-potentials and proportionality on recurrent trees

In this section, unless otherwise specified, T is a recurrent tree.

THEOREM 3.1. Let s be superharmonic on T\ {e}. Let h,, be the solution to the Dirichlet
problem on B, \ {e} ={v €T :0 < |v| < n} with boundary values s on 0B,, U {e}. Then, for
all v, D(s)(v) = lim, 0 hn(v) exists and on each connected component of T \ {e} is either
harmonic or identically —oo. If s has a subharmonic minorant off e, then its greatest harmonic
minorant on T \ {e} is D(s). Furthermore, the flux of s is 0 if and only if the greatest harmonic
minorant of s on T exists and is equal to D(s).
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Proof. Since s is superharmonic on 7'\ {e}, by the minimum principle, s > h,,4+1 on 9B, so
(again by the minimum principle) h,, > hy,41 on B,,. Thus, by Lemma 2.1, on each connected
component of T'\ {e}, D(s) is either harmonic or identically —oc.

Now assume that s has a subharmonic minorant ¢ off e. By the minimum principle, t < h,,
on B,,. Thus, t < D(s) < s, which implies that D(s) is harmonic. Hence, D(s) is the greatest
harmonic minorant of s off e.

Next, suppose that the flux of s is zero. Then, by part (d) of Theorem 2.5, the flux of D(s) is
zero. Since D(s) is harmonic on T \ {e}, it is either harmonic, superharmonic or subharmonic
on T, depending on the value of AD(s) at e. Since its flux is zero, by part (j) of Theorem 2.5,
D(s) must be harmonic on 7. Since D(s) is the greatest harmonic minorant of s on T\ {e},
and D(s)(e) = s(e), it follows immediately that if h is any harmonic minorant of s on T', then
h < D(s) on T. Thus, D(s) is the greatest harmonic minorant of s on 7.

Conversely, if the greatest harmonic minorant of s on T exists, then the flux of s equals the
flux of its greatest harmonic minorant, hence it is 0. U

DEFINITION 3.1. Let s be admissible superharmonic on T'. If « is the flux of s, then s — aH
is superharmonic off {e} with flux zero. By Theorem 3.1 applied to s — aH, the greatest
harmonic minorant of s —aH on T exists and is equal to D(s — aH). We say that s is an
H-potential on T if the greatest harmonic minorant of s — «H on T is zero. By the linearity
of D, this means that D(s) = aH.

THEOREM 3.2. The function G, defined by G, = H,(e) — H,, is an H-potential.

Proof. Let s = G, — flux(G, ) H, which is superharmonic off e. By definition, G,, is harmonic
everywhere except at v, G,(e) =0 and AG,(v) = —1. So G, is superharmonic on T, and
by Theorem 2.3 and the linearity of the flux, s = G, + a, H = b* + H,(e) = b* — by. From
equation (2.3), we see that by < by < -+ < b,. Thus, the minimum value of s is 0, which is
attained on the entire set Sy defined in (2.2). By Theorem 1.1, s has a greatest harmonic
minorant A on T\ Sy, with 0 < h < s. Extending h to be 0 on Sy, we obtain a harmonic
function except possibly at e. Since h(e) =0 and h is a bounded subharmonic function on
T, h must be identically 0. Now observe that the harmonic minorants of s on the connected
components of T'\ {e} are completely independent of one another. Thus, the greatest harmonic
minorant outside the root of s is 0, proving that G, is an H-potential. |

For vertices v and w, denote by v A w the vertex of least modulus along the geodesic path
joining v and w.

DEFINITION 3.2. We define the H-Green function G on T' x T by

G(w,v) = Gy(w) = Hy(e) — Hy(w) = —a, H(w) + brv/\w\ — by,

where for k=0,...,|v|, the numbers b} are the constants by defined in (2.3). Here, the
superscript is used to emphasize the dependence on v.
If f is a function on 7', then we define the function Gf by

Gf(w) =" G(w,v)f(v),
veT

provided this series converges absolutely for all w € T.

We shall study G and such functions in detail in Section 5. In particular, we shall show that
all H-potentials are of the form Gf.
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ProroSITION 3.1. Any two H-potentials with the same one-point harmonic support on a
recurrent tree T are proportional.

Proof. Let s; and s be H-potentials with the same one-point harmonic support at v. It
suffices to show that if s; and sp have the same flux « (a negative number), then s; = s5. Let
A = Asq(v)/Asa(v). Since s and s, are harmonic except at v, the function h = s1 — Asg is har-
monic everywhere, so its flux is zero. Thus, 0 = flux(s;) — AMflux(sz2) = (1 — A\)«, whence A =1
and s; = sg + h. Consequently, «H = D(s1) = D(sa + h) = aH + h,s0 h =0 and s1 = s9. [J

We now use H-potentials on recurrent trees (respectively, potentials with one-point harmonic
support on transient trees) to show that it is always possible to find a function on a tree with
arbitrarily prescribed Laplacian.

THEOREM 3.3. Let T be an infinite tree, possibly transient. Given any function p on T, the
equation Ap = —p has a solution. In particular, if u > 0, then any solution ¢ is superharmonic
onT.

Proof. If T is a recurrent tree, let G, be the H-potential of Theorem 3.2. If T' is a transient
tree, let G, be the potential G, (w) = G(w,v), where G is the Green function on 7. In both
cases, we have AG, = —d,, where ¢, is the Dirac ¢ function at v. Then the function s, =
Zm:n 1(v)G, is harmonic in the interior of the ball B,,. Let h, be a harmonic extension of
Sn| By, to all of T. Then (s,, — hy,)| By, = 0, so the function ¢ = >~ (s, — hy,) is a finite sum
at any vertex, and hence is defined on 7. Then

Ap=> Asy=> > p)(=0,) ==Y u®)s, =—p.
n=0

n=0 ‘U|=n veT

4. Superharmonic functions and calculation of the flux on a recurrent tree

The main result of this section is Theorem 4.2 in which we relate the flux given by
Definition 2.2 to the limiting value of a more familiar and classical form.
Let [v,w] be an edge with v = w™. Then

0. = PevDplv,w) - p(v,w)
Y p(w,v)p(fo,e]) U p(w,v)
that is,
a,p(v,w) = aup(w,v). (4.1)

This is the condition that allows us to view T as a reversible Markov chain (electric network).
The quantity ¢([v, w]) = a,p(w,v), called the conductance of the edge [v,w], is a measure of
the amount of current flow.

In the transient case, a,G(v,w) = a,G(w,v), where G is the ordinary Green function. In
the recurrent case, however, this reversibility does not hold for the H-Green function as can
be seen by considering Example 2.1 for » = 1/2. In this case, H,(w) = d(v,w), a, is constant
and G(v,w) = |w| — d(v,w).

Foreachv € T, o, =), @up(v,w) =, . awp(w,v), and so v — a, is a positive regular
measure on T in the sense of [15]. It is the unique positive regular measure whose value at e
is 1.

Following [24, p. 14], we let E be the set of edges of the tree. Since every edge 7 has the form
~v = [v7,v] for a unique vertex v # e, we may set v, = v,y_ = v~ . Put inner products on the
sets of functions on T and on E as follows: if f, g are functions on T and F, G are functions on
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E, thenlet (f,g) = >, au f(v)g(v) and (F,G) =3 _(1/c(7))F(7)G(7), if these series converge
absolutely. Let ¢2(T') and ¢2 /C(E) be the corresponding Hilbert spaces. For any function f on
T, let Vf be the function on E given by Vf(v) = (f(v+) — f(7=))e(y). A direct calculation
shows that with respect to the above inner products the adjoint of V is given by

VE) =— S Fe) - 3 Fe)

a
Y \yy=v y-=v

DEFINITION 4.1. Fix a finite complete set of vertices K. For each w € JK, there is a unique
neighbor @ of w with w € int K. For a function f on K set (0f/0n)(w) = f(w) — f(w), the
normal derivative of f at w.

DEFINITION 4.2. Let K C T be complete. Define the Dirichlet sum of two functions f and g
on K as Dr(f,9) =2, - cine x (f(v) = f(v7))(g(v) — g(v7))e([v™,v]) provided that the sum
converges absolutely. For f, g defined on T, set D(f,g9) = Dr(f,g9) = (Vf,Vg).

The Dirichlet space is the space D of all functions f on T such that Vf € E%/C(E)
or, equivalently, D(f, f) =3, (f(v) — f(v™))2%c([v,v]) < co. Define the inner product
(f,9)p =D(f,9) + f(e)g(e), whose associated norm || ||p (known as the Dirichlet norm) makes
D a Hilbert space. (Of course, V* is not the adjoint of V with respect to the inner product in

D)

It is easily shown by direct calculation (see [24, Lemma 2.4]) that —V*V is exactly the
Laplace operator A. In particular, for any f € D and g € ¢2(T),

Notice that equation (4.2) also holds if either f or g has finite support and the other is arbitrary.
To see this, assume that K is a complete set and g is a function with support contained in the
interior of K. Then, let f be the function which equals f|K on K and is zero outside. Then

Applying equation (4.2) to a function g times the characteristic function of int K and an
arbitrary function f, we obtain the following result.

THEOREM 4.1 (Green’s theorem). Let K be a finite complete set of vertices. Let f,g be
functions on T'. Then

of i~
> Af()gv)ow +Di(fig) = Y oy (Wg(@)e([w, w]). (4.3)
v€int K weIK
In particular, letting K = B,, with n — oo and f = g harmonic on T, we get

171 = tim S O ) pageon, w)) + £

lw|=n

PROPOSITION 4.1. If f € £2(T), then | fllp < 2||f|la + |f(e)| so f € D.

Proof. (Vf,Vf) <3, 1f(v)Pe(y) + 2, [f(=)Pe(v) + 232, [f(v4) [l (7-)le(7), and each

of these sums is at most || f||2. O
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THEOREM 4.2. If s is superharmonic outside a finite set, then

flux(s) = > As(v)on, = lim_ > %ic([v,v*]). (4.4)

veT lv|=n

Thus, s has a harmonic minorant outside a finite set if and only if the above sum is finite.

Proof. Let s be a function on T which is superharmonic outside a finite set. For each
neN, let s, =543, ¢, (—As(v))H,. Then, {s,} is an increasing sequence of superhar-
monic functions for n sufficiently large, and each s, is harmonic on B,. By part (b) of
Theorem 2.5, flux(s,) < 0. By the monotonicity and the linearity of the flux, it follows that
> joj<n As(v)ay = flux(s). Since As(v) <0 for all [v] sufficiently large, it follows that if s
is admissible, then ) _, As(v)a, converges and flux(s) < >, .p As(v)a,. Of course, if s is

not admissible, then this holds trivially, since flux(s) = —oo. Since the second equality in
equation (4.4) follows from Theorem 4.1, we will be done if we prove that
D As(v)a, < flux(s). (4.5)
veT

For any function of finite support, the first and third terms of equation (4.4) are zero. By
Theorem 4.1 with g = 1, the second term is zero as well. Since by Theorem 2.4, s = sy + SH
outside a finite set, where sy is superharmonic on 7" and ( is a constant, it follows that we can
replace s by st + By in equation (4.4). However, by Theorem 4.1 for the special case of g = 1
and K = B, the result holds for s = H, so without loss of generality we may assume that s is
superharmonic on T'.

For each n > 2, let h,, be as in Theorem 3.1. As shown there, h,,(v) = s(v) forv =eor |v| = n,
hn(v) < s(v) for 0 < |v] <n and D(s)(v) is the pointwise limit of the decreasing sequence
{hn(v)}22;. If s is admissible, then D(s) is the greatest harmonic minorant of s on T\ {e},
and if s is not admissible, then D(s) = —oo on at least one connected component of T'\ {e}.
In either case, by Theorem 4.1, we have

Z As(v)a, = Z (s(v) = s(v7))app(v,v™) < Z (hn(v) = hn(v™))aup(v,v™) = Ahy(e).

[v]<n |[v|=n lv|=n

Letting n — oo, the left side converges to ) .. As(v)a,. If s is not admissible, since
hn(e) = s(e), it follows that lim,,_ ., Ah,(e) = —00, so inequality (4.5) holds. If s is admis-
sible, lim,,_,oc Ahy(e) = AD(s)(e). Since D(s) — AD(s)(e)H is harmonic on T, its flux is
zero, so flux(D(s)) = AD(s)(e). By Theorem 2.5(d), we have ) _,As(v)a, < AD(s)(e) =
flux(D(s)) = flux(s), proving inequality (4.5) in this case. This completes the proof. O

A classical theorem on Riemann surfaces states that parabolic Riemann surfaces have
the property that there are no non-constant harmonic functions in the Dirichlet space
(cf. [21, p. 162]). On recurrent trees and, more generally, in the setting of infinite networks, a
stronger result holds: there are no non-constant superharmonic functions in the Dirichlet space
(cf. [22, Theorem 3.34]).

5. H-Green function and the Riesz decomposition theorem

We now study in more detail the properties of the H-Green function G of Definition 3.2.
Notice that it takes on positive and negative values. Indeed, G(e,v) = 0, G(v,v) = H,(e) >0
for v # e, and since H, is not upper bounded, for each vertex v there exists a vertex w such
that G(w,v) < 0.
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Let £1(T) be the Banach space determined by the norm || f|l1,a = >, cp | f(v)|ay. Given a
function f on T, let f. and f_ be the the positive and negative parts of f.

THEOREM 5.1. Let f be a function on T.

(i) Then Gf is defined if and only if f € ¢1(T).

(ii) If f € £1(T), then Gfy and Gf_ are admissible superharmonic functions such that
AGfy = —f4 and AGf_ = —|If=11,a- In particular,
AGf = —f and flux(Gf) = = > cp v f(v). Furthermore, if f is non-negative, then Gf is
admissible.

Proof. Observe that G f is defined if and only if Gf, and Gf_ are and Gf = Gfy — Gf_.
Thus, without loss of generality, we may assume that f is non-negative.

(i) Since G,(e) =0, it follows that Gf(e) =0 as well. For each v,w €T with w # e,
H,(w) = a,H(w) — b} (w), where k = |v Aw|. Let v,w € T such that n = |v| > |w|. By (2.3),
for 1 <k < |v A w| we have

k=1 m o

k—1 m _w
et SIS e S| -2 [ ST
mlJl

nm 1j=m -7 m:lj:lpj pO
SO
(0% o
7:,) < bz 7b8 < i(l +Cw)ﬂ (51)
Po Po

where pg = min{p(e,u) : |u| =1} and ¢, = Z‘wl ! ;n:l(r;“/p;”)

Suppose first that f ¢ ¢1(T). Then > ves(w) Qwf(v) = oo for some w with |w[=1. Since
H(w) =1, for each v e S(w), p§ =pf, vAw=w, and Gy(w) = —a,H(w) + (bY —bj) =
—u+ /B = (1o — 1), 50 e sy Gl 0) () = (L5 — 1) e s0m o f(0) = 0,
hence G f is not defined.

Suppose now that f € ¢1(T) and fix w € T', w # e. Then

> Gu()f(v) = —H(w) Y anf @) + 3 (B = 08) F0)+ D (Bunu = b)) S(0).

veT veT Jv|<|w| [v|>]w]|

The first sum on the right-hand side is finite by assumption, the second consists of finitely
many terms, and hence is finite; the third is finite since, by (5.1), it is a non-negative sum
dominated by (1/po)(1 + cw) >, cp @0 f(v). We have thus shown that G f is finite on T" if and
only if Y7 v f(v) is finite.

(ii) Since each term in the sum defining Gf is superharmonic, it follows that Gf is
superharmonic on T and AGf(w) = —f(w). The value of flux(Gf) and the fact that Gf is
admissible comes from Theorem 4.2. O

THEOREM 5.2 (Global Riesz decomposition theorem). Every admissible superharmonic
function can be written uniquely as the sum of an H-potential and a harmonic function on T.
The H-potentials are precisely the functions of the form G f, where f is a non-negative function
in £X(T). The flux of an admissible superharmonic function s is equal to —||As||1,q-

Proof. We begin by showing that if f € ¢1(T) and f >0, then Gf is an H-potential.
By Theorem 5.1, Gf is admissible. Let so = Gf — flux(Gf)H. Since b} — bj > 0 for all k,
so(w) = E:UGT(b‘”Mw| —by)f(v) = 0. Thus, 0 is a harmonic minorant of sg. Since flux(sp) =0,
D(sp) is the greatest harmonic minorant of sy on 7', by Theorem 3.1. So D(sg) > 0, and thus
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must be a constant. Since 0 = so(e) = D(so)(e), D(s¢) must be identically 0. This proves that
G f is an H-potential.

Let us now assume that s is an admissible superharmonic function on 7. Then, the function
f = —As is non-negative and by Theorem 4.2, >~ _ —As(v)a, is finite, so f € £,(T) and G f
is admissible. By the previous part, G f is an H-potential. Also h = s — G f is harmonic on
T. Thus, s = Gf + h, where f is given uniquely as —As. Hence, s can be written uniquely as
the sum of a harmonic function and a function of the form G f with f non-negative in £ (7).
Moreover, flux(s) = flux(Gf) = = > cr f(V)aw = = | fl1,a-

Finally, if s is an H-potential, then it is an admissible superharmonic function, so it
can be written as Gf + h, where h is harmonic on T. Since D(s —flux(s)H) = D(Gf —
flux(Gf)H + h) = h and s is an H-potential, h must be 0, and so s = Gf. Thus, the H-
potentials are precisely the admissible superharmonic functions of the form Gf, with f
non-negative in £ (7). O

DEFINITION 5.1. Let g be an arbitrary function on T. We say that g has finite flux at
oo (or simply, that g has finite flux) if > _, ay,Ag(v) converges absolutely, in which case we

define flux(g) = 3,7 awAg(v) = [[(Ag)+[l1.a — [I(Ag)-I1.a-

THEOREM 5.3. A function has finite flux if and only if it can be written uniquely as the sum
of a global harmonic function and the difference of two H-potentials with disjoint harmonic
supports. Furthermore, the flux of a non-negative function with finite flux is non-negative.

Proof. Assume that ¢ has finite flux. The functions f1(v) = (Ag)+ and fo = (Ag)- = f1 —
Ag are in £L(T), have disjoint supports and are non-negative. By Theorem 5.2, G'f; and Gfs
are H-potentials with disjoint harmonic supports. By Theorem 5.1, we have A(Gf; — Gfs) =
—f1 4+ fo = —Ag, so the function g + Gf; — Gfs is harmonic on T', proving the existence of
the stated decomposition. The converse follows from Theorem 5.2, and the linearity of finite
flux and the uniqueness follows by applying the Laplacian and using Theorem 5.1.

Now let g be a non-negative function with finite flux. By the first part, g = p1 — p2 + h,
where p; and py are H-potentials and h is harmonic on T'. Since p; + h and p, are admissible
superharmonic functions and p; + h > pa, by the monotonicity of the flux, flux(p; + h) >
flux(p2) so by linearity flux(g) = flux(p; + h) — flux(pz) > 0. O

6. Relation to the Markov chain literature

Various authors have studied the theory of recurrent Markov chains (see [11-17,19, 23]).
In these works, the notion of potential and potential kernel appear and so it is appropriate to
ask why we have constructed yet another such notion. We shall look at some of these other
treatments to see their relation to our work.

In [12-15], the authors use the term potential on a recurrent Markov chain (P, T') in various
ways. A function f on T is a column vector (with entries parametrized by the states) and a
measure g on T is a row vector. The function identically 1 is denoted by 1. Given a positive
regular measure a on T' (that is, a positive measure such that aP = P), a function f is called
a (right) charge if g =Y .-, P"f is finite on T, and a measure p is called a (left) charge if
v=> " uP" is finite. The function g and the measure v are called the potentials of the
respective charges and the quantities af(= >, f(v)a,) and p1 are called the total charges of
f and p, respectively. Observe that the total charge of f is —flux(g) as in Definition 5.1. Since
in the recurrent case Y P™ is identically oo, there are no non-negative non-zero charges. In
fact, f and p are charges if and only if af = 0 and pl1 = 0, respectively.
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The authors define the potential kernels

) = 3 [P (w0) = Pwol], Glu) = 3 [P = P(uo)].

n=0 n=0 u

K(u,v) = Z [P" (e, e)a, — P"(u,v)]
n=0

and °N (u,v) which is the expected number of visits to v before hitting e beginning at w. The
latter is always finite and is zero if w or v is e. All the above series clearly converge in the
transient case since Y °  P"(u,v) is finite for all u,v € T. In the recurrent case, the chains
for which C and G exist (equivalently, for which /C exists) are the normal chains.

All potentials are described by means of the kernel ¢N as g = ¢Nf + g(e)1 and Ag = —f.
Since f is never non-negative, potentials are never superharmonic. In particular, potentials are
never H-potentials. The potentials g (or v) whose charges f (or u, respectively) have finite
support are of the form Gf (or uC).

The reverse chain (P, T) is defined by P(u,v) = (o, /o, )P(v,u). A chain is called reversible
if P = P. As observed in Section 4, trees are always reversible. Matrices defined with respect
to (15, T) are written with a circumflex (for example, G, (f) The dual of a square matrix E,
a function f and a measure p are defined by (dual E), » = (o /o) Eyw, (dual ), = ay fu,
(dual s2),, = (1/cv,)pte. The dual of a right charge is a left charge, dualC = G and dual G = C.
Thus, theorems about right charges yield corresponding theorems about left charges using
duality. In order to unify the theory, the authors introduce K which has the property that
dual K = K. The potential of a right charge f (or left charge u) is Kf (or uk, respectively)
provided that the charges are finitely supported. In addition to charges, Kf is defined for any
function f of finite support (in particular, for f non-negative).

A pure potential is a function of the form —Xf for some non-negative function f of finite
support. Pure potentials are used to develop various potential principles, for example, balayage
and capacity. Pure potentials are superharmonic but their harmonic supports are always finite.
By contrast, the harmonic support of H-potentials may be infinite. In fact, by the global Riesz
decomposition theorem, given any subset of T, there exists an H-potential having that set as
harmonic support.

Of the above integral kernels, only the kernel ¢V is used in a Riesz-type representation
theorem (see [14; 15, Theorems 11-17]) to characterize the non-negative functions h (or
more generally, those with a global harmonic minorant) such that Ah € ¢1(T). This compares
with Theorem 5.3 above in which we characterize all functions h such that Ah € €L (T).
In particular, since there are no non-constant non-negative superharmonic functions, their
result does not cover any admissible superharmonic function (except a constant), whereas
Theorem 5.2 characterizes it uniquely as the sum of an H-potential and a global harmonic
function.

In the case when T is a group and P is group invariant, that is, p(gu, gv) = p(u,v) for all
g € T, the kernel C is the potential kernel A studied in [16,17,23].

In a different direction, Orey [19] develops a theory of potential kernels, as opposed to a
theory of potentials based on a specific kernel as in the Kemeny—Snell work and the present
paper. He develops the concepts of balayage and capacity for such kernels. Again, as in [12-15],
potentials must have finite harmonic support.

In the simple case of the integers viewed as a homogeneous tree of degree 2 with p(v, w) = 1/2
if and only if w = v £ 1, the three kernels C, G and K are all the same. They correspond to the
kernel (u,v) — H,(u) (which turns out to be |u — v|). The pure potentials and the H-potentials
of finite harmonic support differ by a constant. We suspect that these functions agree in this
case only because G is constant on siblings and its value at each vertex v depends only on the



GLOBAL RIESZ DECOMPOSITION THEOREM 17

values of p on the ball of radius |v|, while the function v — C(e,v) depends on the probability
distribution on the whole tree.

In conclusion, the H-potentials introduced in this paper are different from previous
definitions of potentials and serve completely different purposes.
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