SYMMETRIC TENSOR EIGENVALUES AND INEQUALITIES *
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Abstract. The largest eigenvalue in absolute value of a symmetric matrix is greater than or
equal to the absolute value of every entry of the matrix. We introduce a conjecture that the largest
eigenvalue in absolute value of any symmetric tensor is greater than or equal to the absolute value of
every entry of the tensor. We provide partial analytical results including multiple rigorous bounds
on certain tensor entries, and multiple sharpness results including 3-tensors. Moreover, we introduce
a framework for computer assisted proofs of these inequalities. Using this framework, we show that
the inequality holds for 3-tensors up to two significant figures and for certain entries of higher order
tensors up to numerical precision.
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1. Introduction. For a symmetric a-tensor 7" with largest eigenvalue in abso-
lute value Apaxabs, we seek inequalities of the form

(1.1) Amaxabs > C‘Til,.“,ia|-

In particular, we are interested in finding the largest ¢ for which this inequality holds
for all a-tensors.

In the case of symmetric matrices (i.e. 2-tensors), the inequality (1.1) holds
for ¢ = 1 since if T € R? is symmetric, it has an orthogonal eigendecomposition,
T = UT AU, so by the Cauchy-Schwarz inequality,

(1.2) T3] = [Cuis Ajug)| < Jlwl [ [[Ajus]] = [A] < Amaxabs

where u; is an eigenvector of 1" and J; is the associated eigenvalue for 1 < j < d, and
the identity matrix shows that ¢ = 1 is the best possible constant for matrices.
Naturally, this method of proof cannot be generalized to arbitrary tensors due
to the lack of a similar rank-1 eigendecomposition [5]. In section 3, we provide an
alternative derivation of the fact that ¢ = 1 for matrices which can be generalized to
tensors. This brings us to make the following conjecture for all symmetric tensors.

CONJECTURE 1.1. For all symmetric a-order tensors T with largest eigenvalue
in absolute value Apaxabs, then

(13) Amaxabs Z ‘El,...,ia|~

This conjecture would be extremely useful to a particular theorem for finding
approximate tensor CANDECOMP /PARAFAC (CP) decompositions that appears in
[1]. For the definition of CP decomposition, see section 2. Below we rewrite this
theorem to rely on this conjecture.
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THEOREM 1.2. Let T be a a-order symmetric tensor with size d, i.e. T € R,
Consider the process of finding an approximate CP decomposition of T by starting
from Ty = T and setting Tpy1 = Ty — )\gvg@o‘ where A\p is the largest eigenvalue in

absolute value of T; and vy is the associated eigenvector. Assuming the comjecture

1
e > [(Te);, i |, we have |Te||r — 0 and for r = /1 — = € (0,1)

[ Tetallr

P
Tl <r and T:ZAgU?Q+O(TL)

(=1
for all L € N.

For completeness, the proof of Theorem 1.2 can be found in Appendix A. A weaker
version of Theorem 1.2 was first shown for symmetric 3-tensors and 4-tensors using
the weaker inequalities

)\maxabs Z muﬂiﬂc' and Amaxabs 2 %u—‘iﬂd‘a
respectively in [1]. If Conjecture 1.1 holds, the theoretical convergence rate for find-
ing the approximate CP decomposition of a symmetric tensor would be significantly
improved as shown in Fig. 1.

In this paper we develop a computer assisted technique of developing rigorous
bounds of the form (1.1). Through extensive computations we obtain (1.1) with
¢ = 1.02 for 3-tensors, and we obtain ¢ even closer to 1 for many entries of higher
order tensors. We also introduce some analytical results that show that ¢ =1 is the
best possible coeflicient for many tensors.
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Fig. 1: With d = 2 we demonstrate the convergence rate of the approximate CP
decomposition of a random symmetric 3-tensor (a,b) and 4-tensor (c,d). The norm
of the residual (a,c)(blue) decays to numerical zero linearly and the upper bound
assuming Conjecture 1.1 (red) is much stronger than the best previous upper bound
(yvellow) [1]. The ratio of successive Frobenius norms (b,d)(blue) is always less than
the derived upper bounds, 7 (red and yellow) until the residual norms reach numerical
zero.

In Section 2, we review some tensor facts and notation that are necessary for
finding tensor eigenvalues and eigenvectors. In Section 3, we present an alternative
proof of the inequality (1.2) without using the Cauchy-Schwarz inequality in order
to motivate our approach for general tensors. In Section 4, we present a general
method of deriving inequalities of the form (1.1) for tensors. Then, in Section 5, we
apply the method introduced in Section 4, to validate Conjecture 1.1 for special cases
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using computer assisted proofs. Finally, In Section 6, we prove the sharpness of our
conjecture particularly for 3-tensors and 4-tensors.

2. Tensor Notation. In this section we introduce necessary definitions and
notation that will be needed below.

DEFINITION 2.1 (a-order tensor). For positive integers d and «, a tensor T be-
longing to R%" is called a a-order tensor or simply a a-tensor.

For example, a d x 1 vector is a 1-tensor and a d X d matrix is a 2-tensor. For tensors of
order o > 3, we need a different type of multiplication for tensors. For the purposes of
this paper, we will only need to know about tensor-vector multiplication, but further
discussion on tensor-matrix multiplication can be found in [5].

To motivate tensor-vector multiplication, recall that for a d x d matrix A and a
d x 1 vector v, the matrix-vector multiplication Aw is given by (Av); = Z?Zl Aijvj.
For a d x d x d symmetric 3-tensor T" we can similarly define,

d
(T X1 U)ik = ZTjikUj

j=1

which is a matrix. Then naturally,

d d
((T X1 U) X1 ’U)k = ZZTjikvjvi
i=1j=1
is a vector. This leads to the general definition.

DEFINITION 2.2 (n-mode product of a tensor). The n-mode product of a a-
order tensor T € R%" with a vector v € R?, denoted by T x,, v, is defined elementwise
as

d
(T Xn ,U>i1)~~'77;'n.71)in+17~~~7i0¢ = E :Til)“':infl;.j77;'rl.+17~":7;avj'
=1

Note that T' x,, v € Rda717 so the order of the resulting tensor is decreased by one.
Normally, the choice of index in the tensor-vector multiplication is important, but the
results of this paper are restricted to symmetric tensors.

DEFINITION 2.3 (Symmetric Tensor). A tensor T € R is symmetric, if the
tensor is invariant to permutations of the indices, i.e.

Tiyvvia = Tp(iy-ia)

for any permutation p.

When a tensor is symmetric, the n-mode product is independent of the mode, i.e.
T xXpv =T Xyvfor any 1 < n,m < k. Using this fact, we can have a definition
of symmetric tensor eigenvectors and eigenvalues in which we only need one n-mode
product. In this case, we choose n = 1.

DEFINITION 2.4 (Tensor Eigenvectors and Eigenvalues). Let T € R%" be a tensor
then v € R? is an eigenvector and A € R is the corresponding eigenvalue of T' if

(((T X2 v) X30) -+ Xqv) = Av.
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For a symmetric tensor, the eigenvector-eigenvalue equation is equivalent to

(T x1v) X1 0) -+ X1 0) = v

a—1 times

since the choice of n-mode product does not affect the definition of a tensor eigenvec-
tor. Notice that the tensor eigenvector equation is a degree o — 1 polynomial in the
components of the eigenvector, namely,

d
E Tiy,.oyia1,iViy """ Vig_y = AV;

i1,eeyiq_1=1

so finding eigenvectors and eigenvalues analytically is challenging.

3. Matrix Eigenvalue Inequality. Recall the result we showed in the intro-
duction that proved Conjecture 1.1 for symmetric matrices in inequality (1.2). How-
ever, notice that (1.2) relied on the Cauchy-Schwarz inequality, which is unique to
matrix-vector products. In addition, the proof in (1.2) relies on symmetric matrices
having eigendecompositions, and there is no corresponding decomposition of higher
order symmetric tensors using tensor eigenvectors [5]. Matrices have a close connec-
tion to inner products that higher order tensors do not have, so we need another way
of proving this inequality that will generalize to higher order tensors. Thus in this
section, we re-prove this basic result for matrices to motivate our approach to tensors.

For a symmetric d x d matrix A the greatest and least eigenvalue can be defined
by the following optimization problems over all possible unit vectors v € R¢

Amax = max v' Av = max g vazvj and Amin = min E Aijviv;.
[lvl|=1 llofl=1 1
0 if i#£s .

Let us fix s = 1,...d and let (es); = 0;5, where ;s = o
1 if i=s

delta. Then |Jvs]] =1 so
ZA’LJ 65 i es ZAZJ(S'LS(SJS - Ass
]

Hence
>\min S Ass S )\max

and thus
|>\min| Z _)\min Z _Ass~

Therefore the largest eigenvalue in absolute value, A\paxabs, iS greater than A, and
—A,s so
Amaxabs = HliaX ‘)\z| = max{|)\max|7 |)\min|} > ‘Ass‘-

Next, fix distinct s, € {1,...,d} and let (ws;);, = (6i5 + Ji)/V2. Then ||[(ws,)|| = 1
and so

1 1
D Ayviv = 3 D Aij(Sis + 0it) (355 + 00) = 5 (Ass + 245 + Ay )
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Thus

Ass + 2Ast + Att
1 max Z
(3.1) A :

and similarly

Ass + 2Ast + Att

2 )\min S
(3.2) >

therefore
>\max Z ASS + 2§St + Att 2 )\min

Finally, using (ws,¢), = (dis — 8it)/V/2 we have

Ass - 2Ast + Att

. max Z
(3.3) A :

Subtracting (3.2) from (3.1) results in the inequality
)\max - )\min > 2Ast

and since

2)\maxabs = )\maxabs + Amaxabs 2 )\max - )\min

we get Amaxabs > Ast. Likewise, subtracting (3.2) from (3.3) gives us

)\max - Amin Z *2Ast

hence Apaxabs => —Ast s0 together that gives

)\maxabs > |Ast|~
If we consider the identity matrix, its only eigenvalue is 1, and its only nonzero entry
is 1, meaning this inequality is sharp. Now we have seen a way to prove this inequality
that does not rely on the Cauchy-Schwarz inequality. It just relies on this maximum
property of eigenvalues. We can now generalize this derivation to tensors of order
greater than 2.

4. a-Tensor Eigenvalue Inequality. In this section, we will explore the var-
ious cases of Conjecture 1.1. First, we introduce a new notation for entries of the
tensor T € R%" with repeated indices. We will denote the entry where we have only
one index that is repeated, i.e. T s, by Tse for some fixed s € {1,...,d}. Then
in the case we have two distinct indices with different numbers of repeats we fix dis-
tinct s,t € {1,...,d} and denote the entry as T,i;; with ¢ terms that are s, j terms
that are ¢, and 7 + j = a. For example, we would denote the entry Ty s by Tga—1;
or the entry Ts. st by Tga—24,2. When we have three distinct indices we fix distinct
s,t,u € {1,...,d} and denote the entry as Tyi,+ with s being repeated i times, t
repeated j times, u repeated k times, and 14 j+k = a. More generally, we could have
the entry of T" with £ distinct indices be Tsjls?...szf where $1,89,...,80 € {1,...,d}
are all distinct and i; + ia + --- + %¢ = . Note that this is well-defined since T is
symmetric and independent of the order of the indices.
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4.1. Identical indices. We begin by discussing the case where all indices of T'
are the same. The maximum eigenvalue, Ap.x, and minimum eigenvalue, A, are
defined by the equations

(4.1) Amax = Hml?xl E Tiin..iaVig Vig =+ - Vi,
vij=1. .
1s-nla
(4.2) Amin = HIJ|1|i£11 E Titig..in VigViy * * Vi,
7;17--<7lo<
respectively where v € R? is any unit vector. Take (es); = &;5. Then |les]| = 1 so
Hmliaxl Tiviy..iaViyVip =" " Vig = E Tiyiy...io(€s)iy(€s)iy -+ (€5)in = Tsa
v||=1 .
U1yl [ARTI 2
”gﬁilll Tivig..iaViyVip = " Vig < E Tiyiy..i 63)21(68)2 " (€S)ia = Lso.
i1yl W15l
Thus

Amax = Tso 2 Amin-
The latter inequality tells us that
[Amin| = —Amin > —Tse.
Therefore, if we call Ay axans the greatest absolute value over all eigenvalues,
Amaxabs > |Tse|.

Thus the inequality (1.1) holds with ¢ = 1 for all diagonal entries of a tensor. In the
next two sections we derive inequalities for certain types of non-diagonal entries.

4.2. Two distinct indices. Next, we consider the inequality for entries of the
form, Tya-1;, meaning that instead of all the indices being identical (diagonal entries),
there are two distinct indices. We can derive an inequality by considering any unit

vector of the form
a5is =+ béit

Wst)i = .
( ,t)z \/m

From the definition of the largest tensor eigenvalue, Apax, we have

max > Z wé t) '(w$7t)ia

i1,

_ 1 “ 01a & lpa—1(¢ 2;7a-2 (&
‘(m> (a0 () e 01077 () o 2077 (5 ) o

'+aa_1bl (a(i]-)Tst.“t_"aabO( )Tt t)
() B (oo

and similarly we also have,

. a—1
)\m1n§< a2+b2) Zab ( ) ga—iti
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where A\, is the smallest (most negative) eigenvalue. Now for any positive constant

¢ > 0 we have
CAmax > € (m) iz:;a b <i>Tsaiu

and for any negative constant ¢ < 0 we have

C)\minZC azba i SA— it
(=) oo (1)

ThUS, deﬁning Amaxabs = max{‘)\maxly ‘)\min‘} we have )\maxabs 2 |)\max| and )\maxabs Z
[Amin|, so for any ¢ (positive or negative) we have,

|C|>\maxabs > |C||)\max| > CAmax
|C|/\maxabs > |C||)\min| > CAmin

which implies that

|C|/\maxabszc< a2+b2> Za b*~ Z( > sa—igi

so we no longer have to restrict to positive c.
We now consider a + 1 distinct vectors,

(w0 ,); = apdis + bodit (w!); = a10is + b1di (we,); = aadis + badit
RV R RV R RV R

which yields the following system of inequalities,

«
|CO|)\maxabs ZCO< ) Zaob < ) ga—igi
vV a 0+b2 et

1 S la
Amnxa > — tHeT! . Tsa—z’ i
|c1[Amaxabs > €1 (\/‘W) ;m 1 <2) t

|ca|)\maxabszca (\/7> Za bS~ l( ) ga—ii

Adding all the above inequalities note that the left hand sides add to
(|CO| + ‘cl| +--- 4+ |Ca|) )\maxabs = )\maxabsHEHl

where &= (co ¢ - ca)T, and the 1-norm is defined as |||y = > i |e;]. Sim-
ilarly, adding the right-hand-sides of all the above inequalities results in the matrix-
vector product

Oba—l a®

o T (a) (a 2+bb2)a/2 ((f) (aZ+b2)e/z (Z) W Tea
a a—1 a
1 (3) (a§+bb§)a/2 (?) (a;fjrbbl‘;’)a/z o (3) (a§+ab§)a/2 Loy

(4.3)

c oo a a-1 4o Tia
Y \O@mge Oasps - Oawnrs)
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For simplicity we set b; = 1 for i = 0, ..., a so that we have the matrix-vector inequality,
||8| |1)\maxabs Z gTAT

where T} = Tya-itigi-1 for j=1,...,a+ 1 and

%

Oarr Ot = Oty

@ aq @ a1 « a$
wo  a- | Waer Ot o Qwies

Omrr Owim -~ O

We note that the matrix A is closely connected to the Vandermonde matrix and we
have the following immediate result.

THEOREM 4.1. Assuming that ag, ..., aq are distinct, the matriz A as defined in
(4.4) is invertible and its inverse matriz is described by

(—1)i+j(a? + 1)a/2 ~ Z j 1%% Sy, G, Qe
1 o <t < <lgtr1—i<at+
(A7) = ot
(%) 1 (aj — ae)
£<j

We include the proof of Theorem 4.1 in Appendix B. Now that we know the
matrix A is invertible we have the following eigenvalue inequality which is of the form
1.1 as desired.

THEOREM 4.2. Let ag,ay, ...,as be distinct and let A be as defined in (4.4), then
for any i € {0, ...,a} we have

|Tso¢71't'i|
(4.5) Amaxabs = TST
maxabs ||6;r+1A_1||1

Proof. By (4.3), we have |||l Amaxabs > éT AT and since A is invertible we can

choose ¢ = A~ Té;,1 (where €1 is the standard unit vector) so that

c'A=¢,,.
and (4.3) becomes,
||€7,T+1A_1H1>\maxabs Z ngf = T;‘Jrl = Tsa—q‘,ti
and similarly for ¢ = —A~T¢&;,; we have,

||€L1A_1||1)‘maxabs > _e—»;l'+1f = _Ti+1 = _Tsa—iti

and together these inequalities yield the result. 0

Theorem 4.2 gives us a method of finding bounds on the best possible coefficient
¢ in equation (1.1). Define

c — min Amaxabs (T)
opt T ‘ﬂ

11-~»7ia|



SYMMETRIC TENSOR EIGENVALUE INEQUALITIES 9

where Apaxabs(T') is the largest eigenvalue of T in absolute value. Then for any choice
of ag, ..., a, we have
1

Copt = T oA
Op \|€z+1A*1H1

Conjecture 1.1 claims that equation (1.1) holds with ¢ = 1. In section 5 we use numer-
ical optimization methods to find the values of a, ..., aq that minimize |le;, ; A7!||;
in order to verify Conjecture 1.1 on several examples.

4.3. Three distinct indices. Next we consider the case of entries of T' that
have three different indices, Tyizja—i—i. To obtain similar bounds we consider test
vectors that have up to three nonzero entries and can be written in the form,

( ) _ a(sis + béit + d5w
Ws. tu)i = R o

and substituting this vector in (4.1) we have

maxz Z T‘zl 3 wstu)z '(wS,t,U)ia

la
(%
ClZ da i ](‘ . . ,)Tsitjuaij
),a—1—]

a o
( a2+b2+d2) Z
Am

a—1

1=0 j=

Y%

We can see that the total number of possible permutations of the numbers i, j,a—i—j
is given by

m:(a+1)+a+---+2+lzw-

Now, just as we did in the two distinct indices case, we can construct an m x m matrix.
Combining the above inequalities with multipliers cg, ..., ¢, we have the system of
equations,

<.

o—

e
i 1.j j0—i—j « o
|CO|>‘maxabS > Co (W) ZZ bOdO <i7j,04 i —j) Tiiyo—i-i

1=

Q

ipd gx—i—j o
aibidy < _)Tsltjua_z_]
=0

|cl|)\maxabs 2 C1 < i ] a —i—j
) 3

[0
1 «@
Ma%—i—b%—&-d%) ;j

1 Y o a—i a
|Cm|)‘maxabs Z Cm < a2 T b2 T d2 ) : Za’jnb]mdgn_l_j (Z j,a — ]) Teitjua*i*j

Adding the above inequalities, the left hand sides sums to

(‘CO‘ + |cl| + -+ |Cm|) )\maxabs = H6H1>\maxabs-
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Expressing the sum of the right hand sides as a matrix yields,

(4.6)
Tsa
_ Toa-1
(a)#(a)M () seT
«,0,0 (a%+b(2)+d(2))a/2 a—1,1,0 (a%+b§j—1d‘2))a/2 0,0,a (a%+b%+d%)a/2 :
(a)#(a)#...(a)#
o] ‘w00 @rgranez \a110) Gt dy)e T 0,0,/ (@2 +b2+d2)o/2 Toa—
Tta
Toa-1
-1 s u
(a) am ( a ) Ay bm (a) diy )
@,0,0/ (a2, +b2,+d2,)*/2 \a—1,1,0/ (a2 +b2, +d2,)/? 0,0,a/ (a2, +b2, +d2,)/? :
T

To clarify the ordering, consider the entry Tia—i—j;ini, when ¢ = j = 0 we get
the first entry Ts« and then keeping i = 0 we continue with j = 0,1,2,...,« for a
total of o + 1 entries with ¢ = 0. Next we move to ¢ = 1 and j goes from 0 to a — 1
for a total of a entries with ¢ = 1. Then when i = 2, j goes from 0 to a — 2 for a
total of o — 1 entries with ¢ = 2. So each block with a fixed ¢ value has o — 7+ 1
entries. Thus in order to get to the block of entries that have subscript ' we must
pass (¢ + 1)+ (o) + (¢ = 1) + -+ + (o — 7 + 2) entries corresponding to all entries
having subscript ¢ where £ < i. Once we reach the block of entries having ¢*, in order
to reach the entry Tye—i—jzi,; we simply go an additional j entries further down the
list. Thus the index of Tya—i—jiys is given by,

I.(,j)=(a+ 1)+ (&) + (=) + -+ (a—i+2)+j

1—1
Za—i—l—ﬁ
=0

) i—1)i
=i(la+1) - ( )
2
and we define a vector Ty, . = Tsa-i-jsi,s and we define the matrix,
(4.7)
(o) @i (o i) i (o) ety
@,0,0/ (a2+bZ+d2)>/? a—1,1,0 (agHngldg)aﬂ 0,0,a/ (a2+bZ+d2)o/?
(.2 )# (& )y (0 )L
A= ,0,0/ (a?+b2+d7)>/? a—1,1,0/ (a2+b3+d3)/2 0,0,a/ (a?+b2+d7)>/?
(&)t (0 Yt b (P - —
@,0,0/ (a3, +b2,+d2,)*/?  \a—1,1,0/ (a2, +b3,+d7,)>/? 0,0,a/ (a3, +b2,+d3,)*/?

which leads to the following result.

THEOREM 4.3. For any a;, b; and d; for any i € {0,...,a}, let A be as stated in
(4.7), then assuming A is invertible we have

|Tsa7'i7jtiuj |
llez, A=
The proof of Theorem 4.3 is identical to that of Theorem 4.2.
Theorem 4.3 yields a method of finding lower bounds for the coefficient ¢ in equa-

tion (1.1). Similarly to the previous section, any choice of ag, ..., @q, bo, .. s bas o,y -y doy
will yield a rigorous lower bound,

(48) )\maxabs >

1
c> ———.
ller, A=l
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5. Computer Assisted Proofs. Now we will validate our conjecture for various
special cases with computer assisted proofs using the inequalities we proved in section
4 [Theorem 4.2]. Let T be a a-order symmetric tensor with size d. We will consider
the case where we have two distinct indices where we denote an entry of T' as Tgi;

with s,¢t € {1,...,d}, i is the number of s terms, j is the number of ¢ terms, and
1+7=a.
J= j=1 j=2 j=3 j=4 j=5 j=6
a=3 |1 1
a=4 |1 1 1
a=5 |1 1 1
a=6 |1 1 1 0.9794
a=7 |1 1 1 0.9891
o= 0.9980 0.9960 0.9891 0.7252 0.6414
a=9 | 09625 0.9970 0.9285 0.5896 0.7704
a=10 | 0.8460 0.8547 0.9579 0.6219 0.5851 0.3095
a=1110.8058 0.8628 0.7386 0.9625 0.3979 0.1771
a=12 | 0.7547 0.4103 0.7474 0.3754 0.2181 0.2981 0.1016
(a)
j=0 4=1 j=2 j=3 j=4 j=5 j=6
a=3 |1 1
a=4 |1 1 1
a=5 |1 1 1
a=6 |1 1 1 1
o= 1 1 1 1
a=8 |1 1 1 0.9881  0.9950
a=9 09980 1 1 0.9911 0.9862
a=10 | 0.9930 0.9980 0.9930 0.9747 0.9662 0.7924
a=1110.9980 0.9775 0.9921 0.6579 0.9009 0.7067
a=12 ] 0.9911 0.9434 0.8993 0.7305 0.6859 0.5456 0.4337

(b)

Fig. 2: (a) num=>50, maxiter=1000 (b) num=>500, maxiter=2000
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0.5 0.5
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(a) (b)

Fig. 3: (a) By running 6 x 10° initial conditions we were able to show that Copt 18 at
least 0.9793 for the 3-tensor (o = 3) in the T entry. (b) Similarly running 18 x 10°
initial conditions obtains a lower bound of 0.9891 for the 3-tensor in the T,2; entry.

6. Sharpness. Now we wish to show the sharpness of our conjecture, i.e. demon-
strate that the inequality (1.3) is optimal. We first show that without loss of generality
we only need to show sharpness for 2% tensors.

LEMMA 6.1. If there is an example of a symmetric tensor T € R?" such that the
inequality is shown to be sharp, then the inequality is also sharp for R™" .

Proof. Suppose there is a symmetric tensor T' € R?” that demonstrates sharpness
of the conjecture. We can extend this to the n® case where entries with indices that
consist of ones and twos are the same as the 2% case and all other entries 0. This
yields the following equations:

n

)\Ul = (T Xo U X3 U)l = E lekgujukuz
Jik=1

n
)\UQ = (T Xo U X3 U)2 = E ngkeruk’LLg
j,k=1

n
)\’U,3 = (T Xo U X3 u)g = E ngngjukU( =0
k=1

n
)\U4 = (T Xo U X3 u)4 = E T4jkgujukue =0
j,k=1

n

Ay = (T Xgu X3 u)3 = g Trjrettjugue =0
k=1

1=uj +us+..+u2

Obviously uz = uy = ... = u, = 0 and thus 3 + u3 = 1. Hence we have the
same equations as in the 2 case. Therefore, we have proved the inequality for any
symmetric a-tensor. 0

We first C(;nsider the case of 3-tensors. By the eigenvalue equation, for some 3-
tensor T € R%" and eigenvector @ € R? of length 1 with associated eigenvalue \ we
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have
(6.1) T XouXzu=Au

with the component-wise definition

(T xgu x3u); E T3k U
7,k=1

By Lemma 6.1, we only need to consider tensors that are in R2’. Consider the 2x 2 x 2

symmetric tensor T Wlth entries T111 = O, T211 = 1, T221 = O, T222 = —1so
Ti11 Thza
Torr Tom
T — Ti12 Th2o 1 0
To12 Tooo 0 -1
and eigenvector of length 1 @ = Z . By plugging these values into the eigenvalue
2

equation and taking the first component of both sides of (6.1) we have the following
equality

2
Aup = (T'Xoux3zu)y E Tyjeujur = Tinrui+Thiougug+Tiorusus +Tioous = 2uius
7,k=1

Now, taking the second component we have

2
Mg = (T X2 u X3 u) E Tojrujur, = Torui + Torourus + Tooruous + Tazou3
J,k=1

=uj —uj

Therefore, we have the system of equations

(6.2) Aup = 2uyug
(6.3) Nug = u? — uj
(6.4) ui +ui =1

Rearranging (6.2) gives A = 2us. Plugging this value of A into (6.3) then gives
u? = 3u3. Plugging this into (6.4) and solving the equation yields A\ = +1.

Therefore, since Apaxabs = 1 and is greater than or equal to the absolute value of
each entry in the tensor, this proves that in the inequality Amaxabs = ¢ Tsiu, ¢ cannot
have a value greater than 1, proving the sharpness of our inequality for the 3-tensor.

We next consider the case of 4-tensors. By Lemma 6.1, we only need to consider
tensors that are in R2". Note that by the eigenvalue equation, for some T € R and
eigenvector @ € R? of length 1 with associated eigenvalue A we have

(6.5) T Xou X3UXqu= A
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with the component-wise definition

d

(T X9 U X3 ><4u)i = E Tijkujukw.
Jokl=1

Now, consider the 2 x 2 x 2 x 2 symmetric tensor T with entries T1111 = To220 = 3,
Ti122 = 1, and Ty112 = T1200 = 0 . We then take the first component of both sides of
(6.5) to get the following equality

A\ = (T ><2u><3u><4u)1

2
= E T jketjuptie
7,k=1

= Tt + (Tiznn + Thior + Thnie)uiug + (Tiaor + Tiziz + Thioe)urus + Tizaous
= 3uf + 3uqu}

= 3(ud + uyul).
Now, taking the second component we have

)\UQ = (T ><2u><3u><4u)2

2
= E Tojreujupug
k=1

= Tor11u + (Tozn1 + Tornz + Tor21)uiug + (Taoia + Tazor + Toro2)urus + Togoous
= 3uiuy + 3u

= 3(ufuz + u3).

Therefore, we have the system of equations

(6.6) Auy = 3(uf + uyu3)
(6.7) Mg = 3(ufug + ul)
(6.8) ul 4ud =1

Rearranging (6.8) as u3 = 1—u? and plugging this into (6.6) gives us Mu; = 3u; hence
A = 3. Then we rearrange (6.8) as u3 = 1 — u3 and plug this into (6.7) to give us
Aug = 3us thus once again A = 3. Therefore A\ axabs = 3 and satisfies the conjecture

>\Inaxabs Z ‘njké |

since the largest entry in T is also 3, proving the sharpness of the conjecture for the
4-tensor.

7. Conclusions and Future Directions. The conjecture we proposed would
be invaluable in finding approximate CP decompositions for symmetric tensors as it
would provide us an improved convergence rate. We were able to numerically find
the optimal ¢ in the inequality (1.1) to be approximately 1 which we demonstrate
through rigorous computer assisted proofs. Of course, since our computations were
only accurate up to numerical precision, in most cases we did not get ¢ = 1 exactly.
However, the fact that we were often able to get results that approached 1 was very
promising. In every situation we looked at, we were always able to get as close
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to ¢ = 1 as we wanted by increasing run times. In addition, due to our analytical
proofs in the previous section, we were able to show that the conjecture is true for all
symmetric tensors up to order 4.

Another direction would be to further explore the sharpness of our conjecture
for symmetric tensors of order @ > 5. We were able to prove sharpness by solving
a system of quadratic equations but once we attempted to construct an appropriate
example tensor for @ = 5, the polynomials become higher order and and more complex.
Perhaps symbolic algebra methods could be applied to solve these systems.

Appendix A. Proof of Theorem 1.2.
The notion of the rank-1 matrix can be generalized to tensors as follows.

DEFINITION A.1 (Rank-1 Tensor). Let T € R*" then T is called a rank-1 tensor
if there exists a v € R? such that
v =T.
Now for non rank-1 tensors, one may seek to decompose such tensors as a sum of
rank-1 tensors.

DEFINITION A.2 (CP Decomposition).  The vectors vy, ...,v, form a CP de-
composition of a-tensor T if,
P
oY
=1

where Ue * for £ =1,...,p are rank-1 tensors and the minimum value of p for which
such a decomposztwn exists is called the rank of the tensor T.

Note that this notion of rank agrees with the classical notion of matrix rank in
the case of 2-tensors but many of the properties of matrix rank do not generalize to
higher order tensors [5, 2, 3, 7, 4].

We define the Frobenius norm generalized to tensors in the following way.

DEFINITION A.3 (Tensor Frobenius Norm [5]). The Frobenius norm of a ten-
sor T € RY is the square root of the sum of the squares of all its elements:

d d
1Tl = | > > Tipia™

=1  da=1

The following lemma introduces a particularly simple formula involving the tensor
Frobenius norm and vectors.

LEMMA A.4. Let v € R? and a be a positive integer. Then, the tensor Frobenius
norm of the ath-order tensor product is the same as the Fuclidean norm of v raised
to the a, i.e.

[0®%]F = [Jv]|*.

Proof. By the definition of the tensor Frobenius norm,

1?17 = Z Z B, il

i1=1 ia=1

= V;,Vi, Vi, , We have ||,U®a||% — Zd Zd ’U2 U2 ,

3 Ray.
and since (v®%);, =1 =10 e

SO

ol

d

2 2 2
1% = § “5 vi e Y ok = oIl o]
—_— —

1= ip=1 iq=1 :
1= 2= « a times
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by definition of ||v]| so
[v®|F = [lvll*. 0

Finally, we present the following lemma which demonstrates that an eigenvalue-
eigenvector pair provides a rank-1 approximation of a tensor in the Frobenius norm.
LEMMA A.5. Let T be an a-order symmetric tensor with dimension d, i.e. T €
R, and v € R% be a unit length eigenvector of T with eigenvalue X # 0. Then
IT = M® % = ||TIE — A2

and ||T||Fr > A
Proof. We first wish to show that |7 — Av®||% = ||T||% — A2

(T — X%, ia]”

[
M-
M=~

@
S
Il
—
-
o
Il
_

1T = A%

|
-M&
'M&

e Y (TR i = 2MThy g Uiy Uiy - - Vi 4+ AP07 07, 07 )
11=1 ta=1
d
= |T)I% = 22 " vilT x2 v x50 x4 -+ X5 v); + X[ p
=1

Since ||v]| =1 and by Lemma A 4, ||[v®%||r = 1, hence
|17 = X[ = [ TIF — 20, Av) + X% = | T|F — 2)2[|v]3 + A* = ||T|F — A?

Since |T — M®¥||p > 0, |T||% — A > 0 so |T||% > A\? and taking square roots,

IT||7 > |Al 0
Proof. First let Apaxabs be the largest eigenvalue in absolute value of a tensor T
and assume Amaxabs > |Tiy..4,| for all i1,...,4,. We will show that there exists a

constant ¢ = dTl/z € (0,1] such that Apmaxabs > ¢||T||F. Since Amaxabs > | Ty, |, We
have
Amascabs = T,

maxabs -

which implies that
2 Z 2
da}‘maxabs Z Tz’l“.ia

so we have d*/?Aaxabs > >

1
(Al) )\maxabs > WHTHFV

1
Ja72 € (0,1), since d > 1. By Lemma A.5 applied to T, we have

where we take ¢ =
2
| Torallr” = 1Te = APl r~ = 1Tl p* = M.

Since A, is defined to be the largest eigenvalue of Ty, (A.1) says that A¢ > || T¢||F
where ¢ = da% S0
|Terallr® < | Tellr® = (1T 2

< (1= ATl



SYMMETRIC TENSOR EIGENVALUE INEQUALITIES 17

Thus, setting r = vV1—¢? € (0,1) we have | To1llr < 7||Te|lr and | Tet1llr <
r2||Ty_1||F and so forth and proceeding inductively we find,

| Toallr < 7 Tollr = v 7T £

Since 0 < r < 1, Zlim 1t =0,50 0 < || Tosal|lr < 7Y T||F — 0 implies ||Tp41] — 0
— 00

as ¢ — oo. Since this limit is 0, an upper bound on the rate of convergence of || T¢|| »

is found by considering
T 1
[Tealle __ [T
ITell 7 d 0

m
Z ai1:Za¢1:a1+az+"‘+am

1<i;<m i1=1

Qi A, = @102 +A103 - + Q10 + Q203 + -+ -+ A2y -+ Ap— 10,

2.

1<iy <ia<m

Appendix B. Proof of Theorem 4.1.
Proof. We will first show that A is invertible. We can rewrite A in terms of the

Vandermonde matrix as

1
(aZF1)72 . 1 ap ag )

@ boan e )

so that
1

[CEDECE Loag - af ) X

| T Lo
ao - a (3)

1
@407

Mrrgen, o 1(7)

0<i<j<a i=0

—e L

() II (aj—a)
=0 0<i<j<a
= > .

[1 (a7 +1)2/2
1=0

., are all distinct, the determinant will always be nonzero and

As long as ag, ay, - -

thus A is an invertible matrix.
Now we will show how to find the inverse of A by using the following inverse for

the Vandermonde matrix:

(—1)itJ . ) < 1%% @i, G Qe
—1 o <1< <lgt1—iJa+
(V™) = o
[T (a; —ar)

<j
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The derivation of this inverse can be found in [6]. Let
71 o
(aZ+1)a/2 (0)
B = and C=
1
(@112 (o)

Then
ATt =BVC)t=Cci(BV) P =CcTlV B!

Since B and C are invertibile diagonal matrices,

1
(a +1)~/2 )
B! = and C'= .
(ag + 1)/ Q)
Therefore
(71)7'”’.7((13 + 1)04/2 Z ailaig Tt aij_laij+1 e a(x—i—l—i
1 0<is < <igg1—i<atl
(A70)i; = o
(7) TI (aj — ar)
0<j ]
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